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Abstract
In this paper, we improve the known estimates for the invariance en-
tropy of a nonlinear control system. For sets of complete approximate
controllability we derive an upper bound in terms of Lyapunov exponents
and for uniformly hyperbolic sets we obtain a similar lower bound. Both
estimates can be applied to hyperbolic chain control sets, and we prove
that under mild assumptions they can be merged into a formula.
Keywords: Invariance entropy; Control sets; Chain control sets; Hyperbolicity;
Control-affine systems; Volume lemma; Universally regular controls; Shadowing lemma
1 Introduction
Invariance entropy is a measure for the smallest rate of information above which
a control system is able to render a given compact controlled invariant subset of
the state space invariant. This concept, first introduced in Colonius and Kawan
[4], is essentially equivalent to the topological feedback entropy, defined by Nair,
Evans, Mareels and Moran [14]. A comprehensive treatment of the subject can
be found in the monograph [10]. If the given set is a control set, i.e., a maximal
set of complete approximate controllability, upper bounds of the invariance en-
tropy in terms of the sums of positive Lyapunov exponents of periodic solutions
can be given. Under a completely different assumption, namely the existence
of a uniformly hyperbolic structure (in a skew-product sense) on the controlled
invariant set, there exists a promising approach for an optimal lower estimate in
terms of the unstable determinant. Specific examples of compact controlled in-
variant sets are the bounded chain control sets of a control-affine system. These
sets are the projections of the maximal chain transitive sets of the associated
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control flow, which is a skew-product on the extended state space, including
the shift dynamics on the set of admissible control functions. Moreover, a gen-
eral result in Colonius and Du [3] shows that under the assumption of local
accessibility a chain control with nonempty interior and a uniformly hyperbolic
structure is the closure of a control set. Hence, in this case good entropy es-
timates from above and from below are available. In this paper, we improve
these estimates and merge them into a formula. The paper consists of three
main sections whose contents are briefly described as follows.
In Section 3, we improve the known upper bounds for the entropy of a control
set. In particular, we show that the hyperbolicity assumption imposed in [10,
Sec. 5.2] can be dropped without substitution. Then we obtain an upper bound
in terms of the Lyapunov exponents of the induced linear system on the exterior
bundle of the state space. This estimate has some similarity with the integral
formula for the topological entropy of C∞-maps, established in Kozlovski [12]
(based on previous work of Yomdin [19] and others). However, instead of an
integral, i.e., an average of the exponential growth rates, the infimum over the
growth rates has to be considered. An essential ingredient in the proof of this
estimate is a result of Coron [6] which implies that under a strong accessibility
assumption the set of universally regular control functions is generic inside the
set of smooth control functions.
In Section 4, we obtain a lower estimate for the entropy of a uniformly hyperbolic
controlled invariant set. The main ingredient of the proof is a skew-product
version of the Bowen-Ruelle volume lemma. This lemma was first formulated
by Liu [13] in the context of random dynamical systems. Liu, however, only
gives an outline of the proof with many details missing. Following this outline,
we develop a fully detailed proof in the context of general continuous skew-
products with compact base space (without use of the control structure present
in the context of control flows). Combining the volume lemma with ideas from
Young [20] for the estimation of escape rates, we derive a lower estimate of the
invariance entropy that is similar to the upper estimate of Section 3.
Finally, in Section 5 we provide a formula for the entropy of a hyperbolic chain
control set, showing that the upper and lower bounds of the preceding sections
coincide. More precisely, we show that
hinv(Q) = inf
(u,x)
lim sup
τ→∞
1
τ
log
∣∣∣det(dϕτ,u)|E+u,x∣∣∣ ,
where Q is the hyperbolic chain control set and the infimum is taken over all
pairs (u, x) of control functions and states such that the corresponding trajec-
tory ϕ(t, x, u) remains in Q for all times t ∈ R. The linear subspace E+u,x is
the corresponding fiber of the unstable subbundle. The extra work needed to
obtain this formula mainly consists in proving an approximation result for pe-
riodic points and a periodic shadowing property for the shift flow on the set of
admissible control functions. This enables us to derive the above formula for
smooth control-affine systems under the mild assumption that the Lie algebra
rank condition is satisfied on the interior of the chain control set.
2
2 Preliminaries
2.1 Notation
We write Z, N, R and R+ for the sets of integers, positive integers, real numbers
and nonnegative real numbers, respectively, and Rd for the d-dimensional Eu-
clidean space. Moreover, N0 = N ∪ {0}. If V is a finite-dimensional real vector
space, V ∗ denotes its dual space, the space of real-valued linear functionals on
V . By a smooth manifold we understand a finite-dimensional connected second-
countable Hausdorff manifold endowed with a C∞-differentiable structure. IfM
is a smooth manifold, we denote by TxM the tangent space at x ∈ M , by
0x (or simply 0) the zero element of TxM , and by TM the tangent bundle.
If ϕ : M → N is a differentiable map between smooth manifolds, we write
(dϕ)x : TxM → Tϕ(x)N for its derivative at x ∈ M . If (M, g) is a Riemannian
manifold, we write 〈·, ·〉 for the inner product and | · | for the induced norm on
each tangent space, while ‖ · ‖ is used for operator norms. We write ̺ for the
induced distance function on M and vol for the Riemannian volume measure.
By expx we denote the Riemannian exponential map at x ∈ M . Furthermore,
we write clA for the topological closure of a set, and intA for its interior. The
open ball of radius ε > 0 at x ∈ M is denoted by B(x, ε). The abbreviation
“a.e.” stands for “(Lebesgue-) almost everywhere”. If x is a real number, [x] de-
notes the greatest integer ≤ x. We write log+ x = max{0, logx}, and we let #S
denote the number of elements of a finite set S. χA stands for the characteristic
function of a set A.
2.2 Control-Affine Systems
A control-affine system is given by a family
x˙(t) = f0(x(t)) +
m∑
i=1
ui(t)fi(x(t)), u ∈ U , (1)
of ordinary differential equations on a smooth manifold M , the state space of
the system. Here f0, f1, . . . , fm are Ck-vector fields for some k ≥ 1. The set U
of admissible control functions is given by
U = {u : R→ Rm : u is measurable with u(t) ∈ U a.e.} ,
where U ⊂ Rm is a compact and convex set. (Frequently, we will also assume
0 ∈ intU 6= ∅.) Then U , endowed with the weak∗-topology of L∞(R,Rm) =
L1(R,Rm)∗, is a compact metrizable space and the shift flow
θ : R× U → U , (t, u) 7→ θtu = u(·+ t),
is a continuous dynamical system, which is chain transitive. We write ϕ(·, x, u)
for the unique solution of (1) with ϕ(0, x, u) = x. For simplicity, we assume
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that all solutions are defined on the whole time axis. Then we obtain a map
ϕ : R×M × U →M, (t, x, u) 7→ ϕ(t, x, u),
called the transition map of the system, and this map is continuous as well.
Together with the shift flow it constitutes a skew-product flow
φ : R× U ×M → U ×M, (t, u, x) 7→ φt(u, x) = (θtu, ϕ(t, x, u)),
called the control flow of the system. We also use the notation ϕt,u : M → M
for the map x 7→ ϕ(t, x, u). If the vector fields f0, f1, . . . , fm are of class Ck, then
ϕ is of class Ck with respect to the state variable and the corresponding partial
derivatives of order 1 up to k depend continuously on (t, x, u) ∈ R ×M × U
(cf. [10, Thm. 1.1]).
We define the set of points reachable from x ∈M at time τ ≥ 0, the set of points
reachable from x up to time τ , and the positive orbit of x, respectively, by
O+τ (x) := {ϕ(τ, x, u) : u ∈ U} ,
O+≤τ (x) :=
⋃
t∈[0,τ ]
O+t (x) and O+(x) :=
⋃
τ≥0
O+τ (x).
In the following, we fix a metric d onM (not necessarily a Riemannian distance).
A set D ⊂ M is called controlled invariant (in forward time) if for each x ∈ D
there exists u ∈ U with ϕ(R+, x, u) ⊂ D. It is called a control set if it satisfies
the following properties:
(A) D is controlled invariant.
(B) Approximate controllability holds on D, i.e., D ⊂ clO+(x) for all x ∈ D.
(C) D is maximal (w.r.t. set inclusion) with the properties (A) and (B).
From the maximality it easily follows that a control set with nonempty interior
has the no-return property, i.e., x ∈ D and ϕ(τ, x, u) ∈ D for some τ > 0 and
u ∈ U implies ϕ([0, τ ], x, u) ⊂ D.
A set E ⊂ M is called full-time controlled invariant if for each x ∈ E there
exists u ∈ U with ϕ(R, x, u) ⊂ E. The full-time lift E of E is defined by
E = Lift(E) := {(u, x) ∈ U ×M : ϕ(R, x, u) ⊂ E} ,
which is easily seen to be compact and φ-invariant. For points x, y ∈ M and
numbers ε, τ > 0, a controlled (ε, τ)-chain from x to y is given by n ∈ N, points
x0, . . . , xn ∈ M , control functions u0, . . . , un−1 ∈ U , and times t0, . . . , tn−1 ≥ τ
such that x0 = x, xn = y, and d(ϕ(ti, xi, ui), xi+1) < ε for i = 0, . . . , n− 1. A
set E ⊂M is called a chain control set if it satisfies the following properties:
(A) E is full-time controlled invariant
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(B) For all x, y ∈ E and ε, τ > 0 there exists an (ε, τ)-chain from x to y in M .
(C) E is maximal (w.r.t. set inclusion) with the properties (A) and (B).
Every chain control set is closed, which is not the case for control sets. Moreover,
every control set with nonempty interior is contained in a chain control set if
local accessibility holds, and the full-time lift of a chain control set is a maximal
invariant chain transitive subset for φ. Conversely, the projection of a maximal
chain transitive set to M is a chain control set.
System (1) is called locally accessible at x provided that for all τ > 0 the sets
O+≤τ (x) and O−≤τ (x) have nonempty interiors. It is called locally accessible if
it is locally accessible at every point x ∈ M . If the vector fields f0, f1, . . . , fm
are of class C∞, the Lie algebra rank condition (Krener’s criterion) guarantees
local accessibility: Let L = L(f0, f1, . . . , fm) denote the smallest Lie algebra of
vector fields on M containing f0, f1, . . . , fm. If L(x) := {f(x) : f ∈ L} = TxM ,
then the system is locally accessible at x. If f0, f1, . . . , fm are analytic vector
fields, the criterion is also necessary.
The concept of invariance entropy is defined as follows. A pair (K,Q) of subsets
of M is called admissible if K is compact and for every x ∈ K there is u ∈ U
with ϕ(R+, x, u) ⊂ Q. In particular, if K = Q, this means that Q is a compact
and controlled invariant set. For τ > 0, a set S ⊂ U is (τ,K,Q)-spanning if for
every x ∈ K there is u ∈ S with ϕ([0, τ ], x, u) ⊂ Q. Then rinv(τ,K,Q) denotes
the number of elements in a minimal such set and we put rinv(τ,K,Q) :=∞ if
no finite (τ,K,Q)-spanning set exists. The invariance entropy of (K,Q) is
hinv(K,Q) := lim sup
τ→∞
1
τ
log rinv(τ,K,Q),
where log is the natural logarithm. In the case K = Q, we also write rinv(τ,Q)
and hinv(Q). In this case, the upper limit is in fact a limit, as a consequence of
subadditivity. In general, hinv(K,Q) need not be finite. The number hinv(Q),
however, is finite iff rinv(τ,Q) is finite for one or, equivalently, for all τ > 0. We
refer to [10] for further properties.
3 Upper Bounds for Control Sets
In this section, we provide a general upper bound for the invariance entropy of
a control set in terms of exponential growth rates of the induced system on the
exterior bundle of the state space, similar to the well-known integral formula
for the topological entropy of C∞-maps proved by Kozlovski [12].
We consider a control system on a smooth manifold M of the general form
Σ : x˙(t) = F (x(t), u(t)), u ∈ U , (2)
with a continuously differentiable right-hand side F :M×Rm → TM , such that
Fu := F (·, u) is a vector field on M for each u ∈ Rm. The set U of admissible
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control functions is given by
U = {u : R→ Rm : u is measurable with u(t) ∈ U a.e.} ,
where U ⊂ Rm is compact with intU 6= ∅. In particular, this includes the
control-affine case of the preceding section. We assume that all solutions are
defined on the whole time axis and thus we obtain a transition map ϕ : R×M×
U → M , continuously differentiable in the second component. We also write
ϕt,u : M → M for the diffeomorphism ϕ(t, ·, u). Control sets and invariance
entropy for systems of the general form (2) are defined in the same way as for
control-affine systems. The control flow φt : U ×M → U ×M is still defined,
though it may not be continuous w.r.t. the weak∗-topology on U . Throughout
this section, we assume that M is endowed with a Riemannian metric.
3.1 A Ruelle-Pesin-Type Upper Bound
A pair (ϕ(·, x, u), u(·)) of a trajectory and the corresponding control function is
called a controlled trajectory. If the linearization of Σ along (ϕ(·, x, u), u(·)) is
controllable on a time interval [τ1, τ2] with τ1 < τ2, the controlled trajectory is
called regular on [τ1, τ2]. The linearization is the time-varying linear system
z˙(t) = A(t)z(t) +B(t)v(t), v ∈ L∞(R,Rm),
with A(t) = (∂F/∂x)(ϕ(t, x, u), u(t)) and B(t) = (∂F/∂u)(ϕ(t, x, u), u(t)) (writ-
ten in local coordinates). A periodic controlled trajectory of period τ∗ is called
regular if it is regular on [0, τ∗]. An easy consequence of this definition is that a
trajectory is regular on a time interval iff it is regular on some subinterval. This
is made precise in the following proposition (see [10, Prop. 1.28] for a proof).
3.1 Proposition: A controlled trajectory (ϕ(·, x, u), u(·)) is regular on a time
interval [τ1, τ2] iff there exists a non-trivial subinterval [ρ1, ρ2], τ1 ≤ ρ1 < ρ2 ≤
τ2, such that (ϕ(·, x, u), u(·)) is regular on [ρ1, ρ2].
Given a pair (u, x) ∈ U ×M , the Lyapunov exponents at (u, x) are the numbers
λ(v;u, x) := lim sup
t→∞
1
t
log |(dϕt,u)xv| , v ∈ TxM\{0x}.
It is a standard fact that λ(v;u, x) can take at most d = dimM different values.
If (ϕ(·, x, u), u(·)) is periodic with period τ , the operator (dϕτ,u)x maps TxM
onto itself and the Lyapunov exponents are given by (1/τ) log |µ|, µ being the
eigenvalues of (dϕτ,u)x. Then the multiplicity of a Lyapunov exponent is defined
as the sum of the algebraic multiplicities of the corresponding eigenvalues.
The following lemma characterizes the elements of the interior of U
w.r.t. L∞(R,Rm). Its elementary proof can be found in [10, Prop. 5.4].
3.2 Lemma: For an element u ∈ L∞(R,Rm) it holds that u ∈ intU iff there
exists a compact set K ⊂ intU with u(t) ∈ K for almost all t ∈ R.
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3.3 Theorem: ([9, Thm. 4.3], [10, Thm. 5.1]) Let D ⊂ M be a control set
of Σ with nonempty interior and compact closure, and let (ϕ(·, x, u), u(·)) be a
regular periodic controlled trajectory with (u, x) ∈ intU × intD. Then for every
compact K ⊂ D we have
hinv(K,D) ≤
∑
λ
max{0, dλλ},
the sum taken over the Lyapunov exponents λ at (u, x) with associated multi-
plicities dλ.
As proved in [10, Prop. 5.11], the assumptions of regularity and periodicity in
this theorem can be weakened under additional assumptions on the given sys-
tem, involving a weak hyperbolicity assumption. In the following, we give a
proof of this result without such an assumption. The general idea is to approx-
imate the Lyapunov exponents of arbitrary trajectories in D by the Lyapunov
exponents of regular periodic ones. For this approximation to work, it must be
guaranteed that from every x ∈ intD a regular periodic trajectory emanates. A
quite general result implying the existence of regular trajectories was proved by
Coron [6, Thm. 1.3]. In combination with the complete approximate controlla-
bility on D it yields the desired regular periodic orbits.
3.2 Existence of Regular Trajectories
In the following, we give a brief account of the central definitions in [6] in order
to explain Coron’s theorem. For an open set V ⊂ Rm, we let C∞V (TM) be the
set of all C∞-maps f :M×V → TM with f(x, u) ∈ TxM . For f1, f2 ∈ C∞V (TM)
we define the Lie bracket [f1, f2] ∈ C∞V (TM) by
[f1, f2](x, u) := [f1(·, u), f2(·, u)](x),
where on the right-hand side [·, ·] is the usual Lie bracket of vector fields. The
strong jet accessibility algebra of an element f ∈ C∞V (TM) is the linear subspace
A = A(f) of C∞V (TM) defined as
A := span
{{
∂|α|f/∂uα : α ∈ Nm0 , α 6= 0
}
∪ Br2
{
∂|α|f/∂uα : α ∈ Nm0
}}
,
where for a family F ⊂ C∞V (TM), Br2(F) denotes the set of iterated Lie brackets
of elements of F of length at least two. For example, ∂f/∂ui, [f, ∂f/∂ui], and
∂2f/∂ui∂uj are in A.
Let L0 denote the classical strong accessibility algebra, i.e., the ideal generated
by the differences f(·, u1)− f(·, u2), u1, u2 ∈ V , in the Lie algebra generated by
the vector fields f(·, u), u ∈ V . Then
{g(x, u) : g ∈ A} ⊂ {g(x) : g ∈ L0} = L0(x), ∀(x, u) ∈M × V. (3)
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These inclusions are equalities if, e.g., f is a polynomial w.r.t. u (including
the control-affine case) or if f and M are analytic and V is connected. For
(x, u) ∈M × V , let
a(x, u) := {g(x, u) : g ∈ A} ⊂ TxM.
If (3) is an equality, then a(x, u1) = a(x, u2) for all u1, u2 ∈ V . For the conve-
nience of the reader, we give a proof for the control-affine case.
3.4 Proposition: Assume that f(x, u) = f0(x)+
∑m
i=1 uifi(x) with C∞-vector
fields f0, f1, . . . , fm. Then
a(x, u) = L0(x), ∀(x, u) ∈M × V.
Proof: The elements of the ideal L0 are linear combinations of iterated Lie
brackets of the form
[Xk, [Xk−1, [. . . , [X1, fj] . . .]]], j ∈ {1, . . . ,m}, k ∈ N0,
where Xi ∈ {f0, f1, . . . , fm} (cf. Nijmeijer and van der Schaft [15, Prop. 3.20]).
The partial derivatives ∂f/∂ui of first order are the vector fields f1, . . . , fm
(regarded as functions on M × V rather than M). Hence, the higher-order
derivatives vanish. The iterated Lie brackets in Br2
{
∂|α|f/∂uα : α ∈ Nm0
}
are
of the form
[Xk, [Xk−1, [. . . , [X1, X0] . . .]]], Xi ∈
{
f1, . . . , fm, f0 +
m∑
i=1
uifi
}
, k ∈ N.
In particular, a(x, 0) = L0(x) for all x ∈M , implying the assertion. 
Let x ∈ M and u be a smooth map with values in V defined on a neigh-
borhood of x. Let f0(y) = f(y, u(y)) ∈ TyM , and for i ∈ {1, . . . ,m} let
fi(y) = (∂f/∂u
i)(y, u(y)). We define al(x;u) ⊂ TxM by
al(x;u) := span
{
adkf0(fi)(x), k ≥ 0, i ∈ {1, . . . ,m}
}
,
where ad0f0(fi) = fi and ad
k
f0(fi) = [f0, ad
k−1
f0
(fi)]. The subspace al(x;u) can
be interpreted as follows. Let γ : I →M be a smooth curve, where I ⊂ R is an
open interval with 0 ∈ I such that
γ˙(t) = f(γ(t), u(γ(t))), γ(0) = x.
The linearized control system along γ is the time-varying linear system
z˙(t) = A(t)z(t) +B(t)w(t) (4)
with
A(t) =
∂f
∂x
(γ(t), u(γ(t))), B(t)w =
m∑
i=1
wi
∂f
∂ui
(γ(t), u(γ(t))),
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where w is the control and z(t) ∈ Tγ(t)M the state. It can be shown that
al(x;u) = span
{[(
d
dt
−A(t)
)i
B(t)
]
t=0
w; w ∈ Rm, i ≥ 0
}
. (5)
The right-hand side is the strong accessibility algebra evaluated at t = 0 of the
time-varying linear system (4). In particular, if al(x;u) has full dimension, then
the linearized system is controllable on every time interval containing t = 0
(cf. Sontag [18, Cor. 3.5.18]). We say that a control function u ∈ C∞(M,V )
saturates f at x if
al(x;u) = a(x, u(x)).
Moreover, u saturates f on a subset S ⊂ M if it saturates f at all points
of S. (We remark that al(x;u) ⊂ a(x, u(x)).) Let Y be a smooth manifold,
h ∈ C∞(M,Y ), and
Ω ⊂ {u ∈ C∞(Y, V ) : (dh)xf(x, u ◦ h(x)) 6= 0, ∀x ∈M} .
Then the result of Coron ([6, Thm. 1.3]) reads as follows.
3.5 Theorem: Assume that Ω is open in the C∞-topology. Then the set of all
u ∈ Ω such that u ◦ h saturates f on M is the intersection of countably many
open and dense subsets of Ω (in the C∞-topology). In particular, this set is
dense in Ω.
3.6 Remark: The C∞-topology used in the above theorem is finer than the
classical Whitney C∞-topology. However, as remarked by Coron, the theorem
also holds for the Whitney C∞-topology.
In order to obtain the existence of regular trajectories through every point, we
apply the theorem to the extended system on M × R, given by
Σ∗ :
{
x˙(t) = f(x(t), u(t))
t˙ = 1
, u ∈ L∞(R, V ).
Putting Y := R, h(x, t) :≡ t, and f˜ := (f, 1)T , we obtain
3.7 Corollary: The set of u ∈ C∞(R, V ) such that u ◦h saturates f˜ on M ×R
is dense in C∞(R, V ).
Proof: We just need to note that the vector (dh)(x,t)f˜((x, t), u(t)) ≡ 1 never
vanishes and hence we can put Ω = C∞(R, V ) in Theorem 3.5. 
Now we can deduce the result on the existence of regular trajectories.
3.8 Corollary: Let S ⊂ M and assume a(x, u) = TxM for all (x, u) ∈ S × V .
Then there is a dense set of u0 ∈ C∞(R, V ) such that for every x ∈ S the
controlled trajectory (ϕ(·, x, u0), u0(·)) is regular on every time interval of the
form [0, τ ].
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Proof: Let a∗((x, t), u) and a∗l ((x, t);u) denote the corresponding subspaces of
T(x,t)(M × R) ∼= TxM × TtR for Σ∗ and note that
a∗((x, t), u) = a(x, u)× {0} = TxM × {0}
for all (x, t, u) ∈ S × R× V . By Corollary 3.7, there is a dense set in C∞(R, V )
of functions u0 with
a∗l ((x, t);u0 ◦ h) = a∗((x, t), u0(t)) = TxM × {0} (6)
on S×R. Now consider for some x ∈ S the smooth curve γ(t) := (ϕ(t, x, u0), t)
in M × R, which satisfies
γ˙(t) = (f(γ(t), u0(t)), 1) = f˜ (γ(t), u0 ◦ h(γ(t))) , γ(0) = (x, 0).
In local coordinates, the linearization along γ is determined by the matrices
A˜(t) =
∂f˜
∂(x, t)
(γ(t), u0(t)) =
[
(∂f/∂x)(ϕ(t, x, u0), u0(t)) 0
0 0
]
,
B˜(t) =
∂f˜
∂u
(γ(t), u0(t)) =
[
(∂f/∂u)(ϕ(t, x, u0), u0(t))
0
]
.
With A(t) := (∂f/∂x)(ϕ(t, x, u0), u0(t)) and B(t) := (∂f/∂u)(ϕ(t, x, u0), u0(t))
it follows from (6) and the characterization (5) that
span
{[(
d
dt
−A(t)
)i
B(t)
]
t=0
w; w ∈ Rm, i ≥ 0
}
= TxM.
This implies controllability of the linearization along the controlled trajectory
(ϕ(·, x, u0), u0(·)) on every time interval containing t = 0. 
3.3 The Main Result
The next step necessary to generalize Theorem 3.3 is the derivation of another
expression for the sum of the positive Lyapunov exponents in the periodic case.
This is done in the following proposition.
3.9 Proposition: If (ϕ(·, x, u), u(·)) is a periodic controlled trajectory and
λ1(u, x) ≥ · · · ≥ λk(u, x) > 0 are the positive Lyapunov exponents at (u, x)
(counted several times according to their multiplicities), then
λ1(u, x) + · · ·+ λk(u, x) = lim
t→∞
1
t
log+ ‖(dϕt,u)∧x‖ ,
where (dϕt,u)
∧
x : T
∧
x M → T∧ϕ(t,x,u)M denotes the induced linear operator be-
tween the full exterior algebras of TxM and Tϕ(t,x,u)M .
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Proof: We prove the proposition in two steps.
Step 1. The function defined by
αt(u, x) := log
+ ‖(dϕt,u)∧x‖ , α : R× (U ×M)→ R, (7)
is a subadditive cocycle over the control flow on U ×M , i.e.,
αt+s(u, x) ≤ αt(u, x) + αs(φt(u, x)), ∀t, s ∈ R, (u, x) ∈ U ×M.
This is an easy consequence of the cocycle property of ϕ together with the chain
rule and the subadditivity of operator norms. We remark that here neither
continuity of the control flow nor of the cocycle α is required. We want to prove
the following. For every compact set K ⊂M there is a constant C ≥ 0 so that
ϕ(R+, x, u) ⊂ K implies
αt(u, x) ≤ Ct, ∀t ≥ 0.
To this end, note that with the operator norm induced by the standard norms
on the exterior algebras,
‖(dϕt,u)∧x‖ = max
1≤j≤d
σ1(t, u, x) · . . . · σj(t, u, x),
where σ1(t, u, x) ≥ · · · ≥ σd(t, u, x) are the singular values of (dϕt,u)x : TxM →
Tϕ(t,x,u)M . Hence, we can estimate αt(u, x) by
αt(u, x) ≤ log+ σ1(t, u, x)d = d log+ ‖(dϕt,u)x‖
≤ dmax
{
0,
∫ t
0
λmax(S∇Fu(s)(ϕ(s, x, u)))ds
}
≤ max
{
0,
[
d max
(v,z)∈U×K
λmax(S∇Fv(z))
]}
t =: Ct.
Here we use that the greatest singular value of an operator is equal to the
operator norm, and we write λmax(S∇Fu(·)) for the maximal eigenvalue of the
symmetrized covariant derivative (using Wazweski’s inequality, cf. Boichenko,
Leonov and Reitmann [2]). This completes the first step.
Step 2. Let τ denote the period of (ϕ(·, x, u), u(·)). By the fundamental lemma
of Floquet theory there exists a linear operator R : TxM → TxM such that
(dϕ2τn,u)x = e
2τnR, ∀n ∈ Z.
Hence, the Lyapunov exponents are the real parts of the eigenvalues of R. Writ-
ing t > 0 as t = 2τn(t) + r(t) with n(t) ∈ N0 and r(t) ∈ [0, 2τ), we obtain
αt(u, x) ≤ α2τn(t)(u, x) + αr(t)(u, x),
implying
lim sup
t→∞
1
t
αt(u, x) ≤ lim sup
t→∞
1
t
α2τn(t)(u, x) =
1
2τ
lim sup
N∋n→∞
1
n
α2τn(u, x).
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Here we use that the periodic orbit ϕ(R, x, u) is compact and hence, by Step 1,
αr(t)(u, x) is bounded by a constant independent of t. Similarly, one shows
1
2τ
lim inf
N∋n→∞
1
n
α2τn(u, x) ≤ lim inf
t→∞
1
t
αt(u, x).
We can write
‖(dϕ2τn,u)∧x‖ = max
1≤j≤d
∥∥(e2τnR)∧j∥∥ = max
1≤j≤d
∥∥(e2τRj)n∥∥ ,
where Rj is the j-th derivation operator induced by R. Writing Re(λ1) ≥ · · · ≥
Re(λd) for the real parts of the eigenvalues of R and ρ(·) for the spectral radius
of an operator, we find
1
n
α2τn(u, x) = log
+
(
max
1≤j≤d
∥∥(e2τRj )n∥∥1/n)
n→∞−−−−→ max
{
0, max
1≤j≤d
log ρ
(
e2τRj
)}
= max
{
0, max
1≤j≤d
log
j∏
i=1
e2τ Re(λi)
}
= max
0, log ∏
i: Re(λi)>0
e2τ Re(λi)

= 2τ
∑
i: Re(λi)>0
Re(λi).
Since the real parts of the λi are the Lyapunov exponents, it follows that
lim sup
t→∞
1
t
αt(u, x) ≤ λ1(u, x) + · · ·+ λk(u, x) ≤ lim inf
t→∞
1
t
αt(u, x)
and the proof is complete. 
In the rest of this subsection, we assume that D is a control set with nonempty
interior and compact closure such that
F is of class C∞ and a(x, u) = TxM for all (x, u) ∈ intD × intU. (8)
3.10 Lemma: For every x ∈ intD there exists a regular periodic controlled
trajectory (ϕ(·, x, u), u(·)) with u ∈ intU .
Proof: From Corollary 3.8 the existence of a smooth control function u1 ∈
C∞(R, intU) follows such that (ϕ(·, x, u1), u1(·)) is regular on an interval of the
form [0, τ1], where τ1 is chosen small enough that ϕ([0, τ1], x, u1) ⊂ intD. Since
(8) implies local accessibility on intD and approximate controllability holds on
D, we find a piecewise constant control function u2 with values in intU such that
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ϕ(τ2, ϕ(τ1, x, u1), u2) = x. The appropriate concatenation of u1 and u2 yields a
periodic control function u of period τ := τ1 + τ2 such that the corresponding
trajectory ϕ(·, x, u) is τ -periodic as well. From Proposition 3.1 it follows that
(ϕ(·, x, u), u(·)) is regular on [0, τ ] and Lemma 3.2 yields u ∈ intU . 
The following approximation result allows us to get rid of the regularity assump-
tion in Theorem 3.3.
3.11 Proposition: Let (ϕ(·, x, u), u(·)) be a τ -periodic controlled trajectory
with (u, x) ∈ intU×intD. Moreover, let β : R×(U×M)→ R+ be a nonnegative
subadditive cocycle over the control flow such that for all T > 0, y ∈ M and
u1, u2 ∈ U it holds that
u1(t) = u2(t) a.e. on [0, T ] ⇒ βT (u1, y) = βT (u2, y). (9)
Then for every ε > 0 there exists a regular periodic controlled trajectory
(ϕ(·, x, u∗), u∗(·)) with u∗ ∈ intU and period τ∗ > 0 so that
1
τ∗
βτ∗(u∗, x) ≤
1
τ
βτ (u, x) + ε.
Proof: For the given periodic trajectory we construct a family of approximating
trajectories. By Lemma 3.10 there exists a regular periodic controlled trajectory
(ϕ(·, x, v), v(·)) with v ∈ intU and period ρ > 0. For every N ∈ N we define
uN (t) :=
{
u(t) for t ∈ [0, Nτ)
v(t−Nτ) for t ∈ [Nτ,Nτ + ρ] ,
and we extend uN (Nτ + ρ)-periodically. By construction and Lemma 3.2, uN
is an admissible control function in intU . Moreover, by Proposition 3.1, uN is
regular on [0, Nτ + ρ]. Using subadditivity of β and (9), we find
βNτ+ρ(uN , x) ≤ Nβτ (u, x) + βρ(v, x).
Hence, for given ε > 0 we can choose N sufficiently large so that
1
Nτ + ρ
βNτ+ρ(uN , x) ≤ N
Nτ + ρ
βτ (u, x) +
1
Nτ + ρ
βρ(v, x)
≤ 1
τ + ρ/N
βτ (u, x) + ε ≤ 1
τ
βτ (u, x) + ε.
The assertion follows with u∗ = uN and τ∗ = Nτ + ρ. 
Applying this approximation result to the subadditive cocycle defined in (7)
yields the following estimate.
3.12 Proposition: For every compact set K ⊂ D we have
hinv(K,D) ≤ inf
(u,x)
lim
t→∞
1
t
log+ ‖(dϕt,u)∧x‖ ,
where the infimum runs over all φ-periodic points (u, x) ∈ intU × intD.
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Proof: Let (ϕ(·, x, u), u(·)) be a τ -periodic controlled trajectory with (u, x) ∈
intU × intD and consider the subadditive cocycle αt(u, x) = log+ ‖(dϕt,u)∧x‖.
By Proposition 3.9 we know that
σ := lim
t→∞
1
t
αt(u, x)
exists. Hence, we can choose n0 ∈ N large enough so that∣∣∣∣σ − 1n0τ αn0τ (u, x)
∣∣∣∣ ≤ ε2 . (10)
Since α is nonnegative and satisfies assumption (9) of Proposition 3.11, there
exists a regular τ∗-periodic trajectory (ϕ(·, x, u∗), u∗(·)) with
1
τ∗
ατ∗(u∗, x) ≤
1
n0τ
αn0τ (u, x) +
ε
2
. (11)
The sequence n 7→ αnτ∗(u∗, x) is easily seen to be subadditive, which (using
Fekete’s subadditivity lemma) implies
lim
n→∞
1
nτ∗
αnτ∗(u∗, x) = inf
n∈N
1
nτ∗
αnτ∗(u∗, x)
≤ 1
τ∗
ατ∗(u∗, x)
(11)
≤ 1
n0τ
αn0τ (u, x) +
ε
2
.
Now Theorem 3.3 together with Proposition 3.9 gives
hinv(K,D) ≤ lim
t→∞
1
t
αt(u∗, x) = lim
n→∞
1
nτ∗
αnτ∗(u∗, x)
≤ 1
n0τ
αn0τ (u, x) +
ε
2
(10)
≤ σ + ε.
Since ε can be chosen arbitrarily small, this completes the proof. 
The next approximation result enables us to drop the periodicity assumption in
Theorem 3.3.
3.13 Proposition: Let β : R × (U ×M) → R+ be a nonnegative subadditive
cocycle over the control flow satisfying the following assumptions.
(a) For every compact set K ⊂ M there is a constant C = C(K) ≥ 0 so that
ϕ([0, τ ], x, u) ⊂ K implies βt(u, x) ≤ Ct, t ∈ [0, τ ].
(b) For all T > 0, y ∈M and u1, u2 ∈ U it holds that
u1(t) = u2(t) a.e. on [0, T ] ⇒ βT (u1, y) = βT (u2, y).
Let (u, x) ∈ intU × intD such that ϕ(t, x, u) is contained in a compact set
K ⊂ intD for all t ≥ 0. Then for every ε > 0 there exists a τ∗-periodic
controlled trajectory (ϕ(·, x, u∗), u∗(·)), u∗ ∈ intU , for some τ∗ > 0 with
1
τ∗
βτ∗(u∗, x) ≤ lim sup
t→∞
1
t
βt(u, x) + ε.
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Proof: Let (tn)n∈N be a sequence of positive times with tn →∞ such that
σ := lim sup
t→∞
1
t
βt(u, x) = lim
n→∞
1
tn
βtn(u, x).
Define the first hitting time
τ := inf
{
t ≥ 0 : x ∈ O+≤t(z) for all z ∈ K
}
.
By a general fact we have τ <∞ (cf. [5, Lem. 3.2.21] or [10, Prop. 1.23]). There
is n1 ∈ N such that for all n ≥ n1 and T ∈ [0, τ ],
1
tn + T
sup
(t,z,v)∈[0,τ]×K×U
ϕ([0,τ],z,v)⊂clD
βt(v, z) ≤ Cτ
tn + T
≤ ε
2
, (12)
where C = C(clD). Finally, there is N ≥ n1 with∣∣∣∣ 1tN βtN (u, x)− σ
∣∣∣∣ ≤ ε2 . (13)
By definition of τ we can choose a control v : [0, T ] → U with T ≤ τ and
ϕ(T, ϕ(tN , x, u), v) = x, and we may assume that v is piecewise constant taking
values in intU . Let τ∗ := tN + T , define u∗ on [0, τ∗] as
u∗(t) :=
{
u(t) for t ∈ [0, tN ],
v(t− tN ) for t ∈ (tN , τ∗] ,
and extend u∗ τ∗-periodically. Then (ϕ(·, x, u∗), u∗(·)) is a τ∗-periodic controlled
trajectory with (u∗, x) ∈ intU × intD. We obtain
1
τ∗
βτ∗(u∗, x) ≤
1
tN + T
(βtN (u∗, x) + βT (ΘtNu∗, ϕ(tN , x, u∗)))
=
1
tN + T
(βtN (u, x) + βT (v, ϕ(tN , x, u)))
(12)
≤ 1
tN + T
βtN (u, x) +
ε
2
≤ 1
tN
βtN (u, x) +
ε
2
(13)
≤ σ + ε,
which completes the proof. 
The subadditive cocycle defined in (7) satisfies the assumptions of the above
proposition, which yields the main result of this section.
3.14 Theorem: Assume that the control system Σ satisfies the regularity as-
sumption (8) on a control set D with nonempty interior and compact closure.
Then for every compact set K ⊂ D it holds that
hinv(K,D) ≤ inf
(u,x)
lim sup
t→∞
1
t
log+ ‖(dϕt,u)∧x‖ ,
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where the infimum runs over all (u, x) ∈ intU × intD such that ϕ(t, x, u) is
contained in a compact subset of intD for all t ≥ 0.
Proof: We apply Proposition 3.13 to the subadditive cocycle αt(u, x) =
log+ ‖(dϕt,u)∧x‖. Given a trajectory ϕ(·, x, u) with values in a compact subset
of intD and ε > 0, we find a τ∗-periodic controlled trajectory (ϕ(·, x, u∗), u∗(·))
with u∗ ∈ intU such that
1
τ∗
ατ∗(u∗, x) ≤ lim sup
t→∞
1
t
αt(u, x) + ε.
Then Proposition 3.12 yields
hinv(K,D) ≤ lim
t→∞
1
t
αt(u∗, x) = lim
N∋n→∞
1
nτ∗
αnτ∗(u∗, x)
= inf
n∈N
1
nτ∗
αnτ∗(u∗, x) ≤
1
τ∗
ατ∗(u∗, x) ≤ lim sup
t→∞
1
t
αt(u, x) + ε,
implying the assertion. 
The following corollary shows that for control-affine systems the strong jet ac-
cessibility assumption (8) can be weakened to local accessibility.
3.15 Corollary: Assume that the system Σ is control-affine, i.e., F (x, u) =
f0(x) +
∑m
i=1 uifi(x) with C∞-vector fields f0, f1, . . . , fm and a compact and
convex control range U with 0 ∈ intU . Then Theorem 3.14 also holds under
the assumption that the system satisfies the classical accessibility rank condition
on intD, i.e., if the Lie algebra generated by f0, f1, . . . , fm has full rank at every
x ∈ intD (instead of a(x, u) = TxM on intD × intU).
Proof: The proof is subdivided into two steps.
Step 1. For each γ > 1 we consider the time-transformed system
Σγ : x˙(t) = v(t) · F (x(t), u(t)), (v, u) ∈ Uγ = Vγ × U ,
where Vγ := {v ∈ L∞(R,R) : v(t) ∈ [1/γ, γ] a.e.}. The trajectories of Σγ are
just time reparametrizations of the trajectories of Σ. To show this, for every
v ∈ Vγ define
σv(t) :=
∫ t
0
v(s)ds, t ∈ R.
It is clear that σv is locally absolutely continuous with σ(0) = 0. The inequality
v(s) ≥ 1/γ > 0 implies that σv is strictly increasing with σv(t) → ±∞ for
t→ ±∞. We claim that
ϕ(σv(t), x, u) ≡ ϕγ(t, x, (v, u ◦ σv)), (14)
where ϕγ is the transition map associated with Σγ . Indeed, for almost all t ∈ R,
d
dt
ϕ(σv(t), x, u) = σ˙v(t) · F (ϕ(σv(t), x, u), u(σv(t)))
= v(t) · F (ϕ(σv(t), x, u), (u ◦ σv)(t)).
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Then uniqueness of solutions yields (14). From this identity it can easily be
seen that a control set D of Σ is also a control set of Σγ . We claim that the
invariance entropies of an admissible pair (K,D) w.r.t. Σ and Σγ satisfy
hinv(K,D; Σ) ≤ γ · hinv(K,D; Σγ). (15)
To prove this, let S ⊂ Vγ × U be a (τ,K,D)-spanning set for Σγ . Then
S ′ := {u ◦ σ−1v : (v, u) ∈ S}
is a (τ/γ,K,D)-spanning set for Σ. Indeed, for x ∈ K there exists (v, u) ∈ S
with ϕγ(t, x, (v, u)) = ϕ(σv(t), x, u ◦ σ−1v ) ∈ D for t ∈ [0, τ ]. The claim follows,
because σv(τ) =
∫ τ
0
v(s)ds ≥ τ/γ. Hence, rinv(τ/γ,K,D; Σ) ≤ rinv(τ,K,D; Σγ)
implying (15).
Step 2. We show that the time-transformed systems Σγ satisfy the strong ac-
cessibility rank condition if Σ satisfies the classical accessibility rank condition.
The strong accessibility algebra of Σγ contains the differences
v
(
f0 +
m∑
i=1
uifi
)
− v′
(
f0 +
m∑
i=1
u′ifi
)
, u, u′ ∈ U, v, v′ ∈ [γ−1, γ] ,
and hence it contains the vector fields f1, . . . , fm as well as f0 (put (v, u) :=
(γ, 0) ∈ R × Rm and (v′, u′) := (1, 0) ∈ R × Rm). Consequently, since
L(f0, f1, . . . , fm) has full rank at every point in intD by assumption, the same
holds for the strong accessibility algebra of Σγ . Since the systems Σγ are poly-
nomial in u, we have equalities in (3). Hence, Theorem 3.14 can be applied to
Σγ for every γ > 1. This gives
hinv(K,D; Σ
γ) ≤ inf
((v,u),x)
lim sup
t→∞
1
t
log+
∥∥(dϕγt,u)∧x∥∥
= inf
((v,u),x)
lim sup
t→∞
1
t
log+
∥∥∥(dϕσv(t),u◦σ−1v )∧x∥∥∥
≤ γ inf
(u,x)
lim sup
s→∞
1
s
log+ ‖(dϕs,u)∧x‖ .
Letting γ → 1 in (15) then implies the assertion. 
4 Lower Bounds for Hyperbolic Sets
In this section, we derive a lower bound for the invariance entropy of a hyperbolic
controlled invariant set. The proof of this result is mainly based on an estimate
of the volumes of Bowen-balls, a skew-product version of the well-known Bowen-
Ruelle volume lemma. In the following subsection, we provide a detailed proof
of this lemma.
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4.1 The Volume Lemma
First we prove a version of the Bowen-Ruelle volume lemma for skew products
and apply it to control-affine systems. This lemma can be found in Liu [13] in a
special formulation for discrete-time random hyperbolic sets. Here we will give
a detailed proof in the deterministic case. We prove the lemma for discrete-time
skew-products and then transfer it to the continuous-time case via discretization.
We consider a discrete-time skew-product
φ : Z×B ×M → B ×M, (k, (b, x)) 7→ φk(b, x) = (θkb, ϕ(k, x, b)),
where B is a compact metric space and (M, g) a Riemannian manifold. More-
over, we assume the following:
(i) The base map θ : B → B and the cocycle ϕ : Z × B × M → M are
continuous.
(ii) For every k ∈ Z and b ∈ B, the map ϕk,b : M → M , x 7→ ϕ(k, x, b), is
a C2-diffeomorphism and both its first and its second derivative depends
continuously on (b, x).
Let Q ⊂M be a compact set such that for every x ∈ Q there exists b ∈ B with
ϕ(Z, x, b) ⊂ Q. Then we define the lift of Q to B ×M by
Q := {(b, x) ∈ B ×M : ϕ(Z, x, b) ⊂ Q} .
It is easy to show that Q is a compact φ-invariant set. We further assume that
for every (b, x) ∈ Q there exists a splitting
TxM = E
−
b,x ⊕ E+b,x
with the following properties:
(a) The subspaces E±b,x are invariant, i.e., for all (b, x) ∈ Q and k ∈ Z,
(dϕk,b)xE
±
b,x = E
±
φk(b,x)
.
(b) There are constants c ≥ 1 and λ ∈ (0, 1) such that
|(dϕk,b)xv| ≤ cλk|v|, ∀k ≥ 0, (b, x) ∈ Q, v ∈ E−b,x,
and
|(dϕk,b)xv| ≥ c−1λ−k|v|, ∀k ≥ 0, (b, x) ∈ Q, v ∈ E+b,x.
(c) The subspaces E±b,x vary continuously with (b, x), i.e., the projections π
±
b,x :
TxM → E±b,x along E∓b,x depend continuously on (b, x).
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For every b ∈ B and n ∈ N0 we introduce the Bowen-metric
̺b,n(x, y) := max
0≤k≤n
̺(ϕ(k, x, b), ϕ(k, y, b)),
which is a metric on M topologically equivalent to ̺. The open balls
Bnb (x, ε) = {y ∈M : ̺b,n(x, y) < ε}
are called Bowen-balls (of order n and radius ε).
4.1 Lemma: The following polynomials map the interval [0, 1] onto itself.
p1(x) = x
n + n(1− x)xn−1,
p2(x) = x
i +
[n
2
]
(1− x2)(1 − x)xi−1 + (1 − x)xn−i+1,
where n ≥ 2, and [n/2] ≤ i ≤ n.
Proof: Obviously, we have p1(0) = 0 and p1(x) ≥ 0 for all x ∈ [0, 1]. For x > 0
we obtain by Bernoulli’s inequality that
p1(x) = x
n
(
1 + n
1− x
x
)
≤ xn
(
1 +
1− x
x
)n
= 1.
Also p2 satisfies p2(0) = 0 and p2(x) ≥ 0 for x ∈ [0, 1]. For n ≥ 2 and x ∈ (0, 1),
using Bernoulli again, we can show that
p2(x) ≤ xi + i(1− x2)(1− x)xi−1 + (1 − x)x
=
(
xi + (1− x)x) (1 + i (1− x2)(1− x)xi−1
xi + (1− x)x
)
≤ (xi + (1− x)x) (1 + (1 − x2)(1 − x)xi−1
xi + (1− x)x
)i
=
(
xi + (1− x)x)1−i ((1− x2 + x3)xi−1 + x(1 − x))i .
Now it suffices to show that both factors are between 0 and 1. For the first one
we have xi + (1− x)x ≤ x+ (1− x)x = x(2 − x) ≤ 1 and for the second one
(1− x2 + x3)xi−1 + x(1 − x) ≤ xi−1 + x(1− x) ≤ x(2 − x) ≤ 1.
The proof is finished. 
4.2 Volume lemma: Assume that the dimensions of the subspaces E±b,x are
constant onQ and that the constant c in (b) equals 1. Then for every sufficiently
small ε > 0 there exists Cε ≥ 1 such that for all (b, x) ∈ Q and n ≥ 0,
C−1ε ≤ vol (Bnb (x, ε))
∣∣∣det(dϕn,b|E+
b,x
: E+b,x → E+φn(b,x)
)∣∣∣ ≤ Cε.
19
Proof: The proof is subdivided into nine steps.
Step 1. In the first step we prove three claims.
(i) There exists a constant K ≥ 1 such that for all (b, x) ∈ Q and TxM ∋ v =
v+ ⊕ v− ∈ E+b,x ⊕ E−b,x it holds that
1
2
|v| ≤ ‖v‖b,x := max{|v−|, |v+|} ≤ K|v|. (16)
This is proved as follows. We have v± = π±b,x(v) and the projec-
tions depend continuously on (b, x). By compactness of Q, the suprema
sup(b,x)∈Q ‖π±b,x‖ are finite. Then (16) holds for all K ≥ 1 bigger than
the maximum of these two suprema. The lower estimate follows from the
triangle inequality |v| ≤ |v+|+ |v−| ≤ 2max{|v+|, |v−|}.
(ii) There is r0 > 0 such that for any (b, x) ∈ Q the maps
ϕ˜b,x := exp
−1
ϕ1,b(x)
◦ϕ1,b ◦ expx : {v ∈ TxM : |v| ≤ r0} → Tϕ1,b(x)M,
ϕ˜−b,x := exp
−1
x ◦ϕ−11,b ◦ expϕ1,b(x) : {w ∈ Tϕ1,b(x)M : |w| ≤ r0} → TxM
are well-defined. Since Q is compact, we find r1 > 0 such that expx is
defined on the closed r1-ball around 0x ∈ TxM for every x ∈ Q. Since
the derivative of ϕ1,b depends continuously on (b, x), there is a common
Lipschitz constant L for the maps ϕ1,b, b ∈ B, on a small compact neigh-
borhood of Q. Let s > 0 be chosen such that exp−1y is defined on the closed
ball clB(y, s) for every y ∈ Q and let r2 := s/L. With r0 := min{r1, r2}
we find that ϕ˜b,x is well-defined. The same arguments apply to ϕ˜
−
b,x.
(iii) There is A0 ≥ 1 such that for all (b, x) ∈ Q it holds that
sup
v∈TxM,|v|≤r0
‖(dϕ˜b,x)v‖, sup
w∈Tϕ1,b(x)M,|w|≤r0
‖(dϕ˜−b,x)w‖ ≤ A0, (17)
and
Lip
(
(dϕ˜b,x)(·)
)
, Lip
(
(dϕ˜−b,x)(·)
)
≤ A0, (18)
where the Lipschitz constants are taken w.r.t. | · |. To show (17), we use
the chain rule, which, e.g., gives
‖(dϕ˜b,x)v‖ ≤
∥∥∥(d exp−1ϕ1,b(x))ϕ1,b(expx(v))∥∥∥ · ∥∥(dϕ1,b)expx(v)∥∥ · ‖(d expx)v‖ .
Since the right-hand side is continuous in (b, x, v) and the subset of TM
consisting of all vectors v with |v| ≤ r0 and v ∈ TxM for some x ∈ Q is
compact, we find that there exists a bound as claimed (analogously for
ϕ˜−b,x). For the proof of (18) we use the assumption that the second deriva-
tive of ϕ1,b depends continuously on (b, x). This implies that the same is
true for the maps ϕ˜b,x and hence the first derivative is Lipschitz continu-
ous and the Lipschitz constants (the norms of the second derivatives) are
bounded on the compact set considered here (analogously for ϕ˜−b,x).
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Step 2. In the second step we fix some constants. Let u be the common dimen-
sion of the subspaces E+b,x and put A1 := 4u(2A0)
u. Fix an ε0 > 0 with
ε0 < min
{
1
2
(1 − λ), 1
2
(λ−1 − 1)
}
and (λ+ ε0)
−1 − ε0 > 1, (19)
where the latter is equivalent to 1− λ > ε0(1 + λ+ ε0). Define
µ := (λ + 2ε0)
[
(λ+ ε0)
−1 − ε0
]−1
< 1, α :=
1 + ε0/2
λ−1 − ε0/2 < 1.
Choose β ∈ (0, 1) such that
β ≥ max{α, µ} and 1− β2 ≤ β.
Finally, choose r > 0 such that
r ≤ min
{
r0,
ε0
4KA0
,
(1− β)(1 − β2)
2K2A0A1
}
, (20)
and for any (b, x) ∈ Q
Lip(Rb,x), Lip(R
−
b,x) ≤
ε0
2K
, (21)
where Rb,x is defined as the restriction of ϕ˜b,x− (dϕ˜b,x)0x to the set {v ∈ TxM :
|v| ≤ r}, R−b,x is defined analogously, and the Lipschitz constants are taken
w.r.t. the norm | · |. Define for (b, x) ∈ Q and n ≥ 0
Db(x, n, r) :=
{
v ∈ TxM :
∣∣ϕ˜kb,x(v)∣∣ ≤ r, k = 0, 1, . . . , n} ,
where ϕ˜kb,x := ϕ˜φk−1(b,x) ◦ · · · ◦ ϕ˜φ1(b,x) ◦ ϕ˜b,x.
Step 3. We claim that for all (b, x) ∈ Q, n ≥ 0 and v ∈ Db(x, n, r) it holds that∣∣ϕ˜kb,x(v)∣∣ ≤ 2Krmax{αk, αn−k} for k = 0, 1, . . . , n. (22)
Writing the derivative of ϕ˜b,x at 0x ∈ TxM in the form
(dϕ˜b,x)0x =
(
Ab,x Cb,x
Db,x Bb,x
)
: E−b,x ⊕ E+b,x → E−φ1(b,x) ⊕ E
+
φ1(b,x)
,
by invariance of the subbundles E±, we can express ϕ˜b,x as
ϕ˜b,x =
(
Ab,x 0
0 Bb,x
)
+Rb,x(·), (23)
where the linear maps Ab,x : E
−
b,x → E−φ1(b,x) and Bb,x : E+b,x → E+φ1(b,x) satisfy
‖Ab,x‖ ≤ λ and ‖B−1b,x‖ ≤ λ with Rb,x as defined in Step 2. From the definition
of K and (21) we conclude∣∣ϕ˜b,x(v)+∣∣ = ∣∣Bb,xv+ +Rb,x(v)+∣∣ ≥ ∣∣Bb,xv+∣∣− ∣∣Rb,x(v)+∣∣
≥ λ−1|v+| − ε0
2
|v| ≥
(
λ−1 − ε0
2
)
|v+| − ε0
2
|v−|,
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which, putting α′ := (λ−1 − ε0/2)−1, implies
|v+| ≤ α′
(
|ϕ˜b,x(v)+|+ ε0
2
|v−|
)
for |v| ≤ r. (24)
Analogously, one shows
|v−| ≤ α′
(
|ϕ˜−b,x(v)−|+
ε0
2
|v+|
)
for |v| ≤ r. (25)
Estimate (22) now follows from an iterated application of (24) and (25), where
the number of iterations is min{k, n− k}. For instance, let n = 5, k = 2. Then∣∣ϕ˜2b,x(v)+∣∣ ≤ α′ (∣∣ϕ˜3b,x(v)+∣∣+ ε02 ∣∣ϕ˜2b,x(v)−∣∣)
≤ α′
(
α′
(∣∣ϕ˜4b,x(v)+∣∣+ ε02 ∣∣ϕ˜3b,x(v)−∣∣)
+
ε0
2
α′
(∣∣ϕ˜b,x(v)−∣∣+ ε0
2
∣∣ϕ˜2b,x(v)+∣∣)),
and analogously∣∣ϕ˜2b,x(v)−∣∣ ≤ α′ (∣∣ϕ˜b,x(v)−∣∣+ ε02 ∣∣ϕ˜2b,x(v)+∣∣)
≤ α′
(
α′
(∣∣v−∣∣+ ε0
2
∣∣ϕ˜b,x(v)+∣∣)
+
ε0
2
α′
(∣∣ϕ˜3b,x(v)+∣∣+ ε02 ∣∣ϕ˜2b,x(v)−∣∣)).
Since we assume v ∈ Db(x, n, r), all the norms in these inequalities are bounded
by Kr, implying ∣∣ϕ˜2b,x(v)∣∣ ≤ 2Kr(α′)2 (1 + ε02 )2 = 2Krα2.
For arbitrary n and k the proof works analogously.
Step 4. Let (b, x) ∈ Q and v ∈ TxM with |v| ≤ r. Assume that V is a subspace
of TxM with V ⊕E−b,x = TxM and let LV : E+b,x → E−b,x be the linear map such
that V = Graph(LV ) = {v + LV v : v ∈ E+b,x} (every v+ ∈ E+b,x can be written
uniquely as v+ = v1 ⊕ v2 ∈ E−b,x ⊕ V and hence LV is given by LV (v+) = −v1).
Write θ0(V ) := ‖LV ‖ and θk(v, V ) := θ0((dϕ˜kb,x)vV ), k ≥ 1, if well-defined. We
claim that θ0(V ) ≤ 1 implies that θ1(v, V ) is well-defined with
θ1(v, V ) ≤ µθ0(V ) +KA0|v|. (26)
To show that θ1(v, V ) is defined, we need to verify that W := (dϕ˜b,x)vV is a
complement of E−φ1(b,x). To this end, take w ∈ V \{0}. Then∣∣(dϕ˜b,x)v(w)+∣∣ ≥ ∣∣(dϕ˜b,x)0(w)+∣∣− ∣∣(dϕ˜b,x)v(w)+ − (dϕ˜b,x)0(w)+∣∣
≥ λ−1|w+| −KA0|v||w|
(20)
≥ λ−1|w+| −KA0 ε0
4KA0
|w+ + LV w+|
≥
(
λ−1 − ε0
2
)
|w+| (19)> |w+| > 0.
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This gives W ∩ E−φ1(b,x) = {0} as desired. To prove (26), note that for every
w ∈ V , by (23), we can write
(dϕ˜b,x)vw =
(
Bb,xw
+ + [(dRb,x)vw]
+
)
+
(
Ab,xw
− + [(dRb,x)vw]
−
)
.
The map LW satisfies
LW
(
Bb,xw
+ + [(dRb,x)vw]
+
)
= Ab,xLV (w
+) + [(dRb,x)vw]
− .
Hence, we can conclude∣∣∣LW (Bb,xw+ + [(dRb,x)vw]+)∣∣∣ ≤ λθ0(V )|w+|+KA0|v||w|,
where we use (dRb,x)v−(dRb,x)0x = (dϕ˜b,x)v−(dϕ˜b,x)0x and (18). Furthermore,∣∣∣Bb,xw+ + [(dRb,x)vw]+∣∣∣ ≥ λ−1|w+| −KA0|v||w|.
Note that |w| = |w+ + LV w+| ≤ (1 + θ0(V ))|w+| implying
θ1(v, V ) = ‖LW‖ ≤ λθ0(V ) +KA0|v|(1 + θ0(V ))
λ−1 −KA0|v|(1 + θ0(V )) .
Hence, to prove (26) it suffices to show that
λθ0(V ) +KA0|v|(1 + θ0(V ))
λ−1 −KA0|v|(1 + θ0(V )) ≤ µθ0(V ) +KA0|v|.
To this end, let κ := KA0|v| and ρ := θ0(V ). Then the above is equivalent to
λρ + κ(1 + ρ) ≤ (µρ+ κ)(λ−1 − κ(1 + ρ))
⇔ κ(1 + ρ)[1 + µρ+ κ] ≤ λ−1(µρ+ κ)− λρ
⇔ (1 + ρ)κ2 + [(1 + ρ)(1 + µρ)− λ−1]κ+ ρ (λ− λ−1µ) ≤ 0.
A simple computation shows that for κ = 0 the last inequality holds:
λ− λ−1µ ≤ 0 ⇔ 0 ≤ λ3ε0 + λ2ε20 + λε0 + 2λε0 + 2ε20.
By (20) we have κ ≤ KA0r ≤ ε0/4. Since the left-hand side of the inequality is
a quadratic polynomial in κ whose highest-order coefficient (1 + ρ) is positive,
it suffices to prove that the inequality holds for κ = ε0/4:
(1 + ρ)
ε20
16
+
[
(1 + ρ)(1 + µρ)− λ−1] ε0
4
+ ρ
(
λ− λ−1µ) ≤ 0. (27)
For ρ = 0 this is easily seen to be true. We check it for ρ = 1:
ε20
8
+
[
2(1 + µ)− λ−1] ε0
4
+
(
λ− λ−1µ) ≤ 0
⇔ ε
2
0
8
+
ε0
2
− ε0
4
λ−1 + λ ≤ µ
(
λ−1 − ε0
2
)
⇔ λ+ ε0
(
ε0
8
+
1
2
− 1
4
λ−1
)
≤ λ+ 2ε0
(λ+ ε0)−1 − ε0
(
λ−1 − ε0
2
)
.
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Using (19) we find
16ε0
(
ε0
8
+
1
2
− 1
4
λ−1
)
≤ ε0
[
(λ−1 − 1) + 8− 4λ−1] = ε0(7− 3λ−1),
⇒ λ+ ε0
(
ε0
8
+
1
2
− 1
4
λ−1
)
≤ λ+ ε0
16
(7 − 3λ−1) ≤ λ+ 2ε0.
Thus, it suffices to show that
(λ+ ε0)
−1 − ε0 ≤ λ−1 − ε0
2
.
This is equivalent to 1 ≤ (λ+ε0)(λ−1+ε0/2), which is obviously true. The left-
hand side of (27) is a quadratic polynomial in ρ with highest-order coefficient
µε0/4 > 0. Thus, the inequality holds for all ρ ∈ [0, 1], concluding Step 4.
Step 5. We claim that θ0(V ) ≤ A−11 and |v| ≤ r implies
e−A1(θ0(V )+|v|) ≤
∣∣∣∣∣ det(dϕ˜b,x)v|Vdet(dϕ˜b,x)0|E+
b,x
∣∣∣∣∣ ≤ eA1(θ0(V )+|v|). (28)
Let e1, . . . , eu be an orthonormal frame of E
+
b,x and note that θ0(V ) ≤ A−11
implies |ei + LV ei| ≤ 1 +A−11 ≤ 2. Using A1/4 = u(2A0)u ≥ 2u−1u, we find
|(e1 + LV e1) ∧ · · · ∧ (eu + LV eu)− e1 ∧ · · · ∧ eu|
≤ |(e1 + LV e1) ∧ · · · ∧ (eu + LV eu)− (e1 + LV e1) ∧ e2 ∧ · · · ∧ eu|
+ |(e1 + LV e1) ∧ e2 ∧ · · · ∧ eu − e1 ∧ · · · ∧ eu|
≤ 2 |(e2 + LV e2) ∧ · · · ∧ (eu + LV eu)− e2 ∧ · · · ∧ eu|+ ‖LV ‖
≤ 2(2 |(e3 + LV e3) ∧ · · · ∧ (eu + LV eu)− e3 ∧ · · · ∧ eu|+ ‖LV ‖) + ‖LV ‖
≤ · · · ≤ u2u−1‖LV ‖ ≤ A1
4
(θ0(V ) + |v|).
Analogously, using (17), one shows∣∣∣(dϕ˜b,x)v(e1 + LV e1)∧ · · · ∧(dϕ˜b,x)v(eu + LV eu)
− (dϕ˜b,x)v(e1) ∧ · · · ∧ (dϕ˜b,x)v(eu)
∣∣∣
≤ u2u−1‖LV ‖‖(dϕ˜b,x)v‖u ≤ u2u−1‖LV ‖Au0 and∣∣(dϕ˜b,x)v(e1) ∧ · · · ∧ (dϕ˜b,x)v(eu)
− (dϕ˜b,x)0(e1) ∧ · · · ∧ (dϕ˜b,x)0(eu)
∣∣ ≤ uAu0 |v|.
The latter is shown by induction. With C := (dϕ˜b,x)v, D := (dϕ˜b,x)0 we have
|Ce1 ∧ · · · ∧ Ceu −De1 ∧ · · · ∧Deu|
≤ |Ce1 ∧ · · · ∧ Ceu − Ce1 ∧De2 ∧ · · · ∧Deu|
+|Ce1 ∧De2 ∧ · · · ∧Deu −De1 ∧ · · · ∧Deu|
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≤ ‖C‖|Ce2 ∧ · · · ∧ Ceu −De2 ∧ · · · ∧Deu|+ ‖C −D‖‖D‖u−1
(17),(18)
≤ A0(u− 1)Au−10 |v|+A0|v|‖D‖u−1 ≤ uAu0 |v|.
With these estimates and uAu0 = A1/2
u+2, we find∣∣(dϕ˜b,x)v(e1 + LV e1) ∧ · · · ∧ (dϕ˜b,x)v(eu + LV eu)
−(dϕ˜b,x)0(e1) ∧ · · · ∧ (dϕ˜b,x)0(eu)
∣∣
≤ u2u−1‖LV ‖Au0 + uAu0 |v|
=
A1
2u+2
(
2u−1‖LV ‖+ |v|
) ≤ A1
4
(θ0(V ) + |v|).
Using these estimates together with the fact that | det(dϕ˜b,x)0|E+
b,x
| =
|(dϕ˜b,x)0(e1) ∧ · · · ∧ (dϕ˜b,x)0(eu)| > 1, we find
| det(dϕ˜b,x)v|V |
| det(dϕ˜b,x)0|E+
b,x
| =
|(dϕ˜b,x)v(e1 + LV e1) ∧ · · · ∧ (dϕ˜b,x)v(eu + LV eu)|
|(e1 + LV e1) ∧ · · · ∧ (eu + LV eu)|
· 1|(dϕ˜b,x)0(e1) ∧ · · · ∧ (dϕ˜b,x)0(eu)|
≤ 1 +
A1
4 (θ0(V ) + |v|)
1− A14 (θ0(V ) + |v|)
≤ 1 +A1(θ0(V ) + |v|) ≤ eA1(θ0(V )+|v|).
Here we use that (1 + x/4) ≤ (1 + x)(1 − x/4) for all x ∈ [0, 2] and
A1(θ0(V ) + |v|) ≤ 1 +A1r
(20)
≤
(
1 +
(1− β)(1 − β2)
2A0K2
)
≤ 2.
The proof for the lower estimate works analogously.
Step 6. We claim that there exists a constant B ≥ 1 such that for all (b, x) ∈ Q
and n ≥ 0 it holds that
B−1 ≤
∣∣∣∣∣ det(dϕ˜nb,x)v|Vdet(dϕ˜nb,x)0|E+
b,x
∣∣∣∣∣ ≤ B, (29)
whenever v ∈ Db(x, n, r) and θ0(V ) ≤ A−11 . (In the following, w.l.o.g. n ≥ 2.)
First we prove inductively that for v ∈ Db(x, n, r) and θ0(V ) ≤ A−11
θi(v, V ) ≤
{
βiθ0(V ) + irA2β
i−1 for 1 ≤ i ≤ [n/2]
βiθ0(V ) + [n/2] rA2β
i−1 + rA3β
n−i+1 for [n/2] ≤ i ≤ n ,
(30)
where A2 = 2K
2A0 and A3 = A2
∑∞
i=0 β
2i. The case i = 1 follows from
θ1(v, V )
(26)
≤ µθ0(V ) +KA0|v| ≤ βθ0(V ) +KA0r ≤ βθ0(V ) +A2r.
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For the induction step, we first show that θ0(V ) ≤ A−11 and (30) imply that
θi(v, V ) ≤ A−11 for 1 ≤ i ≤ n− 1. For 1 ≤ i ≤ [n/2] this is done as follows.
θi(v, V ) ≤ βiA−11 + irA2βi−1
(20)
≤ βiA−11 + i(1− β)
1
2K2A0A1
2K2A0β
i−1
= A−11
(
βi + i(1− β)βi−1) ≤ A−11 .
The last inequality follows from Lemma 4.1. Similarly, for [n/2] ≤ i ≤ n,
θi(v, V ) ≤ A−11
(
βi +
[n
2
]
(1− β2)(1− β)βi−1 + (1 − β)βn−i+1
)
≤ A−11 ,
which also follows from Lemma 4.1. Now, for the induction step note that
θi+1(v, V ) = θ0
(
(dϕ˜i+1b,x )vV
)
= θ0
(
(dϕ˜φi(b,x))ϕ˜ib,x(v)(dϕ˜
i
b,x)vV
)
= θ1
(
ϕ˜ib,x(v), (dϕ˜
i
b,x)vV
) (26)≤ µθ0 ((dϕ˜ib,x)vV )+KA0 ∣∣ϕ˜ib,x(v)∣∣
≤ βθi(v, V ) +KA0
∣∣ϕ˜ib,x(v)∣∣ .
Next we have to distinguish two cases. Let us first assume 1 ≤ i ≤ [n/2]. Then
the induction hypothesis together with (22) gives
θi+1(v, V ) ≤ β
(
βiθ0(V ) + irA2β
i−1
)
+KA0
∣∣ϕ˜ib,x(v)∣∣
≤ βi+1θ0(V ) + irA2βi + 2K2A0rαi
≤ βi+1θ0(V ) + irA2βi + rA2βi
= βi+1θ0(V ) + (i + 1)rA2β
i.
This is the desired estimate if i + 1 ≤ [n/2]. Otherwise, i = [n/2] and thus
θi+1(v, V ) ≤ βi+1θ0(V ) + irA2βi + rA2βi
≤ βi+1θ0(V ) +
[n
2
]
rA2β
i + rA3β
n−(i+1)+1.
Note that the last inequality is equivalent to (1− β2)β[n/2] ≤ βn−[n/2] which is
trivially satisfied if n is even and for odd n reads 1 − β2 ≤ β, which holds by
the choice of β. Now assume i > [n/2]. In this case,
θi+1(v, V )
(26)
≤ β
(
βiθ0(V ) +
[n
2
]
rA2β
i−1 + rA3β
n−i+1
)
+KA0
∣∣ϕ˜ib,x(v)∣∣
(22)
≤ βi+1θ0(V ) +
[n
2
]
rA2β
i + rA3β
n−i+2 +A2rβ
n−i
= βi+1θ0(V ) +
[n
2
]
rA2β
i + rβn−i(A3β
2 +A2)
= βi+1θ0(V ) +
[n
2
]
rA2β
i + rA3β
n−i.
This finishes the proof of (30). Now we can prove (29). Using the sum formulas
n∑
i=1
γi =
γ − γn+1
1− γ ,
n∑
i=1
iγi−1 =
nγn+1 − (n+ 1)γn + 1
(1− γ)2 ,
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we can sum up the terms on the right-hand side of (30) for i = 1, . . . , n. If this
sum turns out to be uniformly bounded (w.r.t. n), the claim follows from (28)
and the chain rule. Since we only need an upper bound, we may forget about
the constants. For simplicity, only consider the case where n = 2k is even:
k∑
i=1
(βi + iβi−1) =
β − βk+1
1− β +
kβk+1 − (k + 1)βk + 1
(1− β)2
and
2k∑
i=k+1
(
βi + kβi−1 +
β2k−i+1
1− β2
)
= βk+1
1− βk
1− β + kβ
k 1− βk
1− β +
β − βk+1
(1 − β)(1 − β2) .
We want to show that the sum of these terms is bounded as k goes to infinity.
All the terms in which k only appears as an exponent are bounded from below
and above, since β ∈ (0, 1). Hence, we only have to take care of the terms in
which k appears as a coefficient. Summing up these terms gives
kβk+1 − (k + 1)βk + 1
(1 − β)2 + kβ
k 1− βk
1− β =
1− βk − kβ2k + kβ2k+1
(1− β)2 .
We can treat the denominator as a constant and the counter as a polynomial
with parameter k. This polynomial has value 1 at x = 0 and value 0 at x = 1.
Moreover, its derivative can be written as kxk−1(x− 1)(2kxk +∑ki=0 xi), from
which we see that it is decreasing on [0, 1] and hence bounded independently of
k. Applying the chain rule to express the determinants in (28) as products now
implies the existence of the constant B.
Step 7. Let 0 < ρ ≤ r/2 and define for each (b, x) ∈ Q the set
Bb,x(ρ) := B
−
b,x(ρ)×B+b,x(ρ),
where B±b,x(ρ) = {v ∈ E±b,x : |v| < ρ}. Then we prove the following claim. If
h : B+b,x(ρ) → B−b,x(ρ) is a C1-map with Lip(h) ≤ A−11 , then there is a C1-map
k : B+φ1(b,x)(ρ)→ B−φ1(b,x)(ρ) with Lip(k) ≤ A−11 such that
(ϕ˜b,xGraph(h)) ∩Bφ1(b,x)(ρ) = Graph(k). (31)
To this end, consider for given h the map
G : B+b,x(ρ)→ E+φ1(b,x), G(v) = Bb,xv +Rb,x(v + h(v))+.
We show that G is injective. Take v1, v2 ∈ B+b,x(ρ) with G(v1) = G(v2). Then
Bb,x(v1 − v2) = [Rb,x(v2 + h(v2))−Rb,x(v1 + h(v1))]+ ,
(21)⇒ λ−1|v1 − v2| ≤ ε0
2
(
1 +A−11
) |v1 − v2| ≤ ε0|v1 − v2|.
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However, λε0 < (1/2)λ(1 − λ) < 1/2 implying |v1 − v2| = 0. Now, for given
v0 ∈ B+φ1(b,x)(ρ) define
F : B+b,x(ρ)→ E+b,x, F (v) := B−1b,xv0 −B−1b,x(Rb,x(v + h(v))+).
This map actually takes values in B+b,x(ρ), since ε0 < λ
−1 − 1 implies
|F (v)| ≤ ‖B−1b,x‖|v0|+ ‖B−1b,x‖K
ε0
2K
|v + h(v)|︸ ︷︷ ︸
≤2ρ
≤ λρ(1 + ε0) < ρ.
A similar estimate shows that F is a contraction with contraction constant
λε0 < 1. Hence, there is a fixed point v
∗ = F (v∗), which is equivalent to
G(v∗) = v0 (note that we can extend F to the closure of B
+
b,x(ρ) which is a
complete metric space, and this extension still takes values in B+b,x(ρ)). Since v0
was chosen arbitrarily, we have shown that the image of G contains B+φ1(b,x)(ρ).
Since G(v) is the x-coordinate of ϕ˜b,x(v + h(v)), we must define k by
k(v) := Ab,xh(G
−1(v)) +Rb,x(G
−1(v)) + h(G−1(v)))−.
It is easy to see that k is a C1-map with values in B−φ1(b,x)(ρ), satisfying (31).
It remains to show that Lip(k) ≤ A−11 . To this end, note that (31) implies
(dϕ˜b,x)v+h(v)(I + (dh)v) = (dG)v + (dk)G(v)(dG)v,
and V := (I + (dh)v)E
+
b,x is a subspace of TxM with V ⊕ E+b,x = TxM . Using
(26), we find
θ1(v + h(v), V ) ≤ µ ‖(dh)v‖+KA0|v + h(v)| ≤ µA−11 + 2KA0ρ,
and therefore
θ1(v + h(v), V ) =
∥∥(dh)G(v)∥∥ ≤ µA−11 +KA0r (20)≤ µA−11 + KA0A0A1K = A−11 .
This implies Lip(k) ≤ A−11 .
Step 8. Let 0 < ρ ≤ r/2. We claim that there exists a constant Kρ > 0 such
that for all (b, x) ∈ Q it holds that
K−1ρ ≤ mx,h(Graph(h)) ≤ Kρ,
if h : B+b,x(ρ) → B−b,x(ρ) is a C1-map with Lip(h) ≤ A−11 , where mx,h denotes
the Lebesgue measure on Graph(h) induced by its inherited Riemannian metric
as a submanifold of TxM (with the Riemannian inner product 〈·, ·〉). We have
mx,h(Graph(h)) =
∫
B+
b,x
(ρ)
√
det[id+(dh)∗v(dh)v]dv
=
∫
B+
b,x
(ρ)
∏
i
√
1 + λi((dh)∗v(dh)v)dv
≤
∫
B+
b,x
(ρ)
(
1 +A−21
)u/2
dv = vol(B+b,x(ρ))
(
1 +A−21
)u/2
,
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where λi((dh)
∗
v(dh)v) are the eigenvalues of (dh)
∗
v(dh)v, i.e., the singular values
of (dh)v. Taking the maximum over all (b, x) in the compact set Q, we find a
uniform upper bound for mx,h(Graph(h)). Analogously,
mx,h(Graph(h)) =
∫
B+
b,x
(ρ)
∏
i
√
1 + λi((dh)∗v(dh)v)dv
≥
∫
B+
b,x
(ρ)
dv ≥ min
(b,x)∈Q
vol(B+b,x(ρ)) > 0,
which gives a uniform lower bound.
Step 9. Again let 0 < ρ ≤ r/2. Fix (b, x) ∈ Q and n ≥ 0. For a given
v− ∈ B−b,x(ρ) define
C(v−, n, ρ) :=
{
v ∈ TxM : π−b,x(v) = v−,
∥∥ϕ˜kb,x(v)∥∥φk(b,x) < ρ, 0 ≤ k ≤ n} ,
where ‖ · ‖φ1(b,x) is the maximum norm introduced in Step 1. Note that
C(v−, n, ρ) is the graph of a constant function and C(v−, n, ρ) ⊂ Db(x, n, r).
By Step 7, ϕ˜nb,xC(v−, n, ρ) is the graph of a C1-map hv−,n : B+φn(b,x)(ρ) →
B−φn(b,x)(ρ) with Lip(hv−,n) ≤ A
−1
1 . Hence, by Step 8 we obtain
K−1ρ ≤ mϕ(n,x,b),hv−,n
(
ϕ˜nb,xC(v−, n, ρ)
)
=
∫
C(v−,n,ρ)
∣∣∣det(dϕ˜nb,x)v|E+
b,x
∣∣∣dmx,hv−,0(v) ≤ Kρ,
where hv−,0 : B
+
b,x(ρ) → B−b,x(ρ) is the constant map w 7→ v−. This together
with (29) implies
(KρB)
−1 ≤ mx,hv−,0 (C(v−, n, ρ))
∣∣∣det(dϕn,b)x|E+
b,x
∣∣∣ ≤ KρB.
Therefore, writing Eb,x for the inner product space (TxM, ‖ · ‖b,x) and defining
Nb(x, n, ρ) :=
{
v ∈ Eb,x :
∥∥ϕ˜kb,x(v)∥∥φn(b,x) < ρ, k = 0, 1, . . . , n} ,
it holds by Fubini’s theorem that
(C′ρ)
−1 ≤ mx (Nb(x, n, ρ))
∣∣∣det(dϕn,b)x|E+
b,x
∣∣∣ ≤ C′ρ,
because
Nb(x, n, ρ) =
⋃
v−∈B
−
b,x
(ρ)
C(v−, n, ρ).
Heremx denotes the Lebesgue measure on TxM associated with the Riemannian
inner product and C′ρ is a number depending on ρ. The assertion of the volume
lemma now follows from the observation that for 0 < ε < r/(2K) one has
expx
(
Nb
(
x, n,
ε
2
))
⊂ Bnb (x, ε) ⊂ expx
(
Nb
(
x, n,
r
2
))
(32)
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for all (b, x) ∈ Q and n ≥ 0, and the volume distortion affected by expx is
uniformly bounded on uniformly small balls over the compact set Q. The first
inclusion in (32) is shown as follows. Assume ‖ϕ˜kb,x(v)‖φk(b,x) < ε/2 for k =
0, 1, . . . , n. Then
̺ (ϕ(k, expx(v), b), ϕ(k, x, b)) = ̺
(
expϕ(k,x,b)(ϕ˜
k
b,x(v)), expϕ(k,x,b)(0)
)
=
∣∣ϕ˜kb,x(v)∣∣ ≤ 2 ∥∥ϕ˜kb,x∥∥φk(b,x) < ε.
To see the second inclusion, assume ̺(ϕ(k, y, b), ϕ(k, x, b)) < ε for k =
0, 1, . . . , n. Then v := exp−1x (y) is defined and∥∥ϕ˜kb,x(v)∥∥φk(b,x) ≤ K ∣∣ϕ˜kb,x(v)∣∣ = K̺(ϕ(k, y, b), ϕ(k, x, b)) < Kε < r2 .
This completes the proof. 
4.3 Remark: The proof of the volume lemma is essentially modelled according
to the outline given in Liu [13]. Several details of the proof are taken from Qian
and Zhang [16] who prove a volume lemma for hyperbolic sets of non-invertible
maps. Note that the assumption c = 1 can be removed by considering an iterate
φm for m large enough instead of φ.
4.2 The Main Result
Now we consider the general control-affine system
Σa : x˙(t) = f0(x(t)) +
m∑
i=1
ui(t)fi(x(t)), u ∈ U ,
where f0, f1, . . . , fm are C2-vector fields and the set of admissible control func-
tions is given by
U = {u : R→ Rm : u measurable with u(t) ∈ U a.e.}
with a compact and convex control range U ⊂ Rm. Recall that the control flow
φ : R× (U ×M)→ U ×M, (t, (u, x)) 7→ (θtu, ϕ(t, x, u))
is a continuous skew-product flow with compact base space U . From the assump-
tions it follows that ϕ is of class C2 in the x-component and the first and second
derivatives depend continuously on (t, x, u) ∈ R×M × U (cf. [10, Thm. 1.1]).
We say that a compact set Q ⊂ M is full-time controlled invariant if for each
x ∈ Q there exists u ∈ U with ϕ(R, x, u) ⊂ Q. Then the set
Q := {(u, x) ∈ U ×M : ϕ(R, x, u) ⊂ Q} ,
called the full-time lift of Q, is a compact φ-invariant set. We assume that the
state space M is endowed with a Riemannian metric.
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4.4 Definition: A compact full-time controlled invariant set Q ⊂ M is called
uniformly hyperbolic if for each (u, x) ∈ Q there exists a decomposition
TxM = E
−
u,x ⊕ E+u,x
satisfying the following properties:
(H1) (dϕt,u)xE
±
u,x = E
±
φt(u,x)
for all t ∈ R and (u, x) ∈ Q.
(H2) There exist constants c, λ > 0 such that for all (u, x) ∈ Q we have
|(dϕt,u)xv| ≤ c−1e−λt|v| for all t ≥ 0, v ∈ E−u,x,
and
|(dϕt,u)xv| ≥ ceλt|v| for all t ≥ 0, v ∈ E+u,x.
(H3) The linear subspaces E±u,x vary continuously with (u, x), i.e., the projec-
tions π±u,x : TxM → E±u,x along E∓u,x depend continuously on (u, x).
As for classical hyperbolic sets (of autonomous dynamical systems), it can be
shown that (H3) actually follows from (H1) and (H2). In particular, the sub-
spaces E±u,x are the fibers of subbundles E
± → Q of the vector bundle⋃
(u,x)∈Q
{u} × TxM → Q, (u, v) 7→ (u, πTM (v)),
with the base point projection πTM : TM →M . (cf. [10, Sec. 6.3]).
Though formulated for discrete-time skew-product systems, the volume lemma
can be applied to Σa via time-discretization of the control flow. The assumption
that the dimensions of the subspaces E±u,x are constant over Q is automatically
satisfied if Q is connected. This is the case, e.g., if Q is a chain control set,
because then Q is a maximal φ-invariant chain transitive set. The assumption
that the constant c be equal to 1 is satisfied if the time step in the discretization
is chosen large enough. For the system Σa, the Bowen-metrics are defined by
̺τ,u(x, y) := max
t∈[0,τ ]
̺(ϕ(t, x, u), ϕ(t, y, u)), τ > 0, u ∈ U ,
and we denote the Bowen-balls of order τ > 0 by Bτu(x, ε). Writing
J+((dϕτ,u)x) :=
∣∣∣det(dϕτ,u)x|E+u,x : E+u,x → E+φτ (u,x)∣∣∣
for the unstable determinant, the volume lemma reads as follows.
4.5 Lemma: Consider the control-affine system Σa and assume that Q ⊂M is
a compact full-time controlled invariant set which is uniformly hyperbolic. If the
dimensions of the subspaces E±u,x are constant on Q, then for every sufficiently
small ε > 0 there is Cε ≥ 1 such that for all τ ≥ 0 and (u, x) ∈ Q,
C−1ε ≤ vol (Bτu(x, ε)) · J+((dϕτ,u)x) ≤ Cε.
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In order to prove our main result, we use the property of additive cocycles
described in the following proposition.
4.6 Proposition: ([11]) Let Φ : R×X → X be a continuous flow on a Hausdorff
space X and a : R × X → R be a continuous additive cocycle over Φ, i.e.,
a(t+ s, x) ≡ a(t, x) + a(s,Φ(t, x)). Given a compact Φ-invariant set K ⊂ X ,
inf
x∈K
lim sup
t→∞
1
t
a(t, x) = lim
t→∞
inf
x∈K
1
t
a(t, x).
4.7 Proposition: Let Q be a compact full-time controlled invariant set of the
control-affine system Σa with full-time lift Q. Further assume that for every
u ∈ U there exists at most one x = x(u) ∈ Q such that (u, x(u)) ∈ Q. Let
UQ ⊂ U be the set of all u ∈ U such that x(u) exists. Then the map
σ : UQ → Q, u 7→ (u, x(u)),
is a topological conjugacy between the shift flow restricted to UQ and the control
flow restricted to Q. If additionally UQ = U and Q is a chain control set such
that local accessibility holds on intQ 6= ∅, then Q is the closure of a control set.
Proof: Note that UQ is a compact shift-invariant set, since it is the projection of
the compact φ-invariant set Q to U . The map σ is obviously bijective with con-
tinuous inverse σ−1(u, x) = u. Since both UQ and Q are compact metric spaces,
it is a homeomorphism. The conjugacy identity reads x(θtu) = ϕ(t, x(u), u),
which holds by assumption, since both sides of the equation are points, which
are kept in Q by the control function θtu. For the second assertion, we use that
the shift flow is topologically mixing (see [5, Prop. 4.1.1]). Then the first asser-
tion implies that also the control flow on Q is topologically mixing. Intuitively,
this means that the dynamics on Q is indecomposable, and projecting to M
it means that complete approximate controllability holds on the interior of Q.
Maximality follows from the fact that Q is a chain control set. This is made
precise in [5, Thm. 4.1.3], which immediately implies the assertion. 
Now we are in position to prove the main theorem of this section.
4.8 Theorem: Let Q be a hyperbolic set of the control-affine system Σa with
full-time lift Q such that the dimensions of the stable and unstable subspaces
are constant on Q. Further assume that for every u ∈ U there exists at most
one x = x(u) ∈ Q such that (u, x(u)) ∈ Q. Then for every compact set K ⊂ Q
of positive volume the invariance entropy satisfies
hinv(K,Q) ≥ inf
(u,x)∈Q
lim sup
τ→∞
1
τ
log
∣∣∣det(dϕτ,u)|E+u,x∣∣∣ .
Proof: The proof is subdivided into three steps.
Step 1. For each u ∈ U and τ > 0 we define the set
Q±(u, τ) := {x ∈M : ϕt,u(x) ∈ Q, ∀t ∈ [−τ, τ ]} .
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We claim that
Q±(u, τ) =
{
x(u∗) : u∗ ∈ UQ, u∗|[−τ,τ ] = u|[−τ,τ ]
}
. (33)
Indeed, since ϕ(t, x, u∗) only depends on the restriction of u∗ to [0, t] and
ϕ(−t, x, u∗) only on the restriction of u∗ to [−t, 0] for any t > 0, for all t ∈ [−τ, τ ],
Q ∋ ϕt,u∗(x(u∗)) = ϕt,u(x(u∗)) for u∗ ∈ UQ with u∗|[−τ,τ ] = u|[−τ,τ ].
Hence, it follows that{
x(u∗) : u∗ ∈ UQ, u∗|[−τ,τ ] = u|[−τ,τ ]
} ⊂ Q±(u, τ).
Conversely, if x ∈ Q±(u, τ), we can find u1, u2 ∈ U such that the function
u∗(t) :=

u1(t) if t ∈ (−∞,−τ),
u(t) if t ∈ [−τ, τ ],
u2(t) if t ∈ (τ,∞)
satisfies (u∗, x) ∈ Q, implying x = x(u∗). This completes the proof of (33).
Step 2. Let ε > 0, u0 ∈ UQ. By continuity of u 7→ x(u) there exist δ > 0 and
x1, . . . , xl ∈ L1(R,Rm) with
x(V2δ,u0) ⊂ B
(
x(u0),
ε
2
)
,
where
V2δ,u0 :=
{
u ∈ UQ :
∣∣∣∣∫
R
〈u(t)− u0(t), xi(t)〉dt
∣∣∣∣ < 2δ, i = 1, . . . , k} .
Then there is τ0 > 0 with∫
R\[−τ0,τ0]
|xi(t)|dt < δ
diamU
, i = 1, . . . , k.
Now let u ∈ Vδ,u0 = {u ∈ UQ : |
∫ 〈u(t)− u0(t), xi(t)〉dt| < δ, i = 1, . . . , k} and
consider u∗ ∈ UQ with u∗|[−τ0,τ0] = u|[−τ0,τ0]. We have∣∣∣∣∫
R
〈u∗(t)− u(t), xi(t)〉dt
∣∣∣∣ ≤ diamU ∫
R\[−τ0,τ0]
|xi(t)|dt < δ,
implying, for i = 1, . . . , k,∣∣∣∣∫
R
〈u∗(t)− u0(t), xi(t)〉dt
∣∣∣∣ ≤ ∣∣∣∣∫
R
〈u∗(t)− u(t), xi(t)〉dt
∣∣∣∣
+
∣∣∣∣∫
R
〈u(t)− u0(t), xi(t)〉dt
∣∣∣∣ < 2δ.
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Hence, x(u∗) ∈ B(x(u0), ε/2). We also have x(u) ∈ B(x(u0), ε/2), which gives
x(u∗) ∈ B(x(u), ε) and hence
Q±(u, τ0) ⊂ B(x(u), ε) for all u ∈ Vδ,u0 .
Letting u0 range through UQ, the open sets Vδ(u0),u0 cover UQ. By compactness,
we can pick a finite subcover. This implies the existence of τ0 > 0 such that
Q±(u, τ0) ⊂ B(x(u), ε) for all u ∈ UQ. (34)
Step 3. Now consider the invariance entropy. If S ⊂ U is a minimal (w.l.o.g. fi-
nite) (τ,K,Q)-spanning set, then
K ⊂
⋃
u∈S
Q(u, τ), Q(u, τ) = {x ∈M : ϕ([0, τ ], x, u) ⊂ Q} . (35)
We may assume that S ⊂ UQ, since, by minimality, for every u ∈ S there exists
x ∈ Q with ϕ([0, τ ], x, u) ⊂ Q and u can be modified outside of [0, τ ] in such a
way that ϕ(R, x, u) ⊂ Q, implying u ∈ UQ. It is easy to see that
ϕτ,u(Q(u, 2τ)) = Q
±(θτu, τ).
Consider an arbitrary T > 0 and t ∈ [0, T ]. Then
ϕt,θτu (ϕτ,u(Q(u, 2τ + T )))
= {x ∈M : ϕ(s− t− τ, x, θt+τu) ∈ Q, ∀s ∈ [0, 2τ + T ]}
= {x ∈M : ϕ(s, x, θt+τu) ∈ Q, ∀s ∈ [−τ − t, τ + T − t]} ⊂ Q±(θt+τu, τ).
Combining this with (34), we find that for every ε > 0 there exists a τ > 0 such
that for all u ∈ UQ and T > 0,
ϕτ,u(Q(u, 2τ + T )) ⊂
⋂
t∈[0,T ]
ϕ−1t,θτuB(x(θt+τu), ε).
Using the conjugacy σ and putting y := x(θτu), v := θτu, we find that the
right-hand side is the Bowen-ball BTv (y, ε). For sufficiently small ε, the volume
lemma thus implies
vol(Q(u, 2τ + T )) ≤ vol (ϕ−1τ,uBTv (y, ε)) ≤ C ∣∣∣det(dϕT,v)|E+v,y ∣∣∣−1 ,
where we use that | det(dϕ−1τ,u)x| is uniformly bounded on a small neighborhood
of the compact set Q. If S2τ+T is a minimal finite (2τ + T,K,Q)-spanning set,
then from (35) we get
0 < vol(K) ≤ rinv(2τ + T,K,Q) max
u∈S2τ+T
vol(Q(u, 2τ + T )),
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implying
hinv(K,Q) ≥ lim sup
T→∞
1
2τ + T
log min
u∈S2τ+T
∣∣∣det(dϕT,θτu)|E+
φτ (u,x(u))
∣∣∣
≥ lim sup
T→∞
inf
u∈UQ
1
T
log
∣∣∣det(dϕT,u)|E+
u,x(u)
∣∣∣
= inf
u∈UQ
lim sup
t→∞
1
t
log
∣∣∣det(dϕt,u)|E+
u,x(u)
∣∣∣
= inf
(u,x)∈Q
lim sup
t→∞
1
t
log
∣∣∣det(dϕt,u)|E+u,x∣∣∣ ,
where we use Proposition 4.6 to interchange the lim sup and the infimum. (Note
that αt(u, x) = log | det(dϕt,u)|E+u,x | is a continuous additive cocycle over φ.)

4.9 Remark: The assumption that for each u there exists at most one x(u) is
in particular satisfied for small (hyperbolic) control sets that arise around hyper-
bolic equilibria of uncontrolled systems by adding suitable control terms. This
corresponds to the well-known structural results about random hyperbolic sets
arising by small random perturbations of Axiom A diffeomorphisms (cf. Liu [13,
Thm. 1.1]). The existence of a small control set around an equilibrium follows
from Colonius and Kliemann [5, Cor. 4.1.7] under the inner pair condition. We
also note that the preceding proof can partially be extended to non-hyperbolic
sets under the assumption that the map u 7→ Q∞(u) := {x ∈ Q : ϕ(R, x, u) ⊂
Q} is continuous with respect to the Hausdorff metric on the space of compact
subsets of Q. In this case, we have to deal with escape rates from small neigh-
borhoods of compact sets for non-autonomous dynamical systems (instead of
volumes of Bowen-balls). However, even in the autonomous case there is not
much known about such escape rates except for the hyperbolic case (see, e.g.,
Young [20] and Demers, Young [8]).
5 Entropy of Hyperbolic Chain Control Sets
In this section, we prove that the inequality in Theorem 4.8 becomes an equality
for a hyperbolic chain control set. One of the main ingredients in the proof is a
shadowing lemma for the shift flow, proved in the following subsection.
5.1 A Shadowing Lemma for the Shift Flow
In the following, we prove a shadowing lemma for the shift flow and show that
it reduces the computation of the Lyapunov spectrum of an additive cocycle to
the evaluation of the cocycle on periodic points. First we prove a shadowing
lemma for discrete-time shifts that is essentially taken from Akin [1].
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Let (X, d) be a compact metric space. On XZ we consider the product topology,
which is compatible with the metric
D(ξ, η) = sup
i∈Z
min
{
d(ξi, ηi),
1
|i|
}
with min{a, 1/0} = a by convention. One easily sees that
D(ξ, η) ≤ ε ⇔ d(ξi, ηi) ≤ ε for |i| < 1/ε. (36)
We denote by s the shift homeomorphism on XZ, s((ξn)) = (ξn+1). An ε-chain
of s is a sequence {ξi : i ∈ Z} with ξi ∈ XZ such that D(s(ξi), ξi+1) ≤ ε for all
i ∈ Z. An orbit {si(η) : i ∈ Z} ε-shadows a sequence ξi ∈ XZ if D(si(η), ξi) ≤ ε
for all i ∈ Z. A periodic ε-chain is an ε-chain {ξi : i ∈ Z} such that ξi+N = ξi
for some N ∈ N and all i ∈ Z.
5.1 Proposition: For every ε > 0 there exists δ > 0 such that every δ-chain of
s is ε-shadowed by an orbit. Moreover, if the δ-chain is periodic, the shadowing
orbit is periodic as well (with the same period).
Proof: For given ε ∈ (0, 1) let δ ∈ (0, ε2) and assume that {ξi : i ∈ Z} is a
δ-chain for s, i.e., ξi ∈ XZ and D(ξi+1, s(ξi)) ≤ δ for all i ∈ Z. Put ηi := ξi0 for
i ∈ Z. Then η ∈ XZ satisfies
D(si(η), ξi) ≤
√
δ < ε for all i ∈ Z. (37)
This is proved as follows. For |j| < 1/δ, using the triangle inequality, we get
d(si(η)j , ξ
i
j) = d(ηi+j , ξ
i
j) = d(ξ
i+j
0 , ξ
i
j)
≤
∑
k
d(ξi+j−k−1k+1 , ξ
i+j−k
k ) =
∑
k
d(s(ξi+j−k−1)k, ξ
i+j−k
k ),
where the summation is over 0 ≤ k < j if j > 0 and over j ≤ k < 0 if j < 0.
Because |k| ≤ |j| < 1/δ, (36) implies that each term is bounded by δ, because
{ξi} is a δ-chain. Therefore, |j| < 1/δ implies
d(si(η)j , ξ
i
j) ≤ |j|δ for all i ∈ Z.
Hence, if |j| ≤ 1/√δ < 1/δ, then d(si(η)j , ξij) ≤
√
δ. Then (36) implies (37).
If ξi+N = ξi, it follows that ηi+N = ξ
i+N
0 = ξ
i
0 = ηi for all i ∈ Z. Hence, the
shadowing point η is a periodic sequence and therefore its orbit under the shift
is periodic. 
Now we consider the continuous-time shift θ : R × U → U , (t, u) 7→ θtu, on
the set U of admissible control functions, which is a chain transitive dynamical
system on a compact metrizable space. By dU we denote a fixed metric on U ,
compatible with the weak∗-topology. We can identify U with a product space
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XZ, where X := {u : [0, 1] → Rm : u is measurable with u(t) ∈ U a.e.}, and
the bijection
α : U → XZ, u 7→ (uk)k∈Z, uk := u|[k,k+1](·+ k), (38)
is used to identify elements of U with sequences. We endow X with the weak∗-
topology of L∞([0, 1],Rm) = L1([0, 1],Rm)∗ and XZ with the corresponding
product topology. Then α becomes a homeomorphism. Since U and XZ are
compact metric spaces, it suffices to show continuity. Let (u(n))n≥1 be a se-
quence in U converging to some u ∈ U . Note that the sequence α(u(n)) con-
verges to α(u) iff α(u(n))k converges to α(u)k for every k ∈ Z. But this is clearly
the case, since | ∫
R
〈u(n)(t)− u(t), x(t)〉dt| → 0 for every L1-function x implies∣∣∣∣∫ 1
0
〈
u(n)(t+ k)− u(t+ k), y(t)
〉
dt
∣∣∣∣ =
∣∣∣∣∣
∫ k+1
k
〈
u(n)(t)− u(t), y(t− k)
〉
dt
∣∣∣∣∣
=
∣∣∣∣∫
R
〈
u(n)(t)− u(t), y(t− k) · χ[k,k+1](t)
〉
dt
∣∣∣∣→ 0
for every L1-function y ∈ L1([0, 1],Rm). Moreover, α is obviously a topological
conjugacy between the time-one-map θ1 : U → U of the shift flow and the shift
homeomorphism s : XZ → XZ. The next corollary immediately follows.
5.2 Corollary: The shift flow θ : R× U → U satisfies the following shadowing
property. For every ε > 0 there is δ > 0 such that for every bi-infinite sequence
(ui)i∈Z in U with dU (θ1ui, ui+1) ≤ δ for all i ∈ Z there exists u ∈ U with
dU (θiu, u
i) ≤ ε for all i ∈ Z. If (ui)i∈Z is periodic with period n, then so is u.
Now consider the following more general version of chains. An (ε, T )-chain for θ
is given by n ∈ N, points u0, . . . , un ∈ U and times T0, . . . , Tn−1 ≥ T such that
dU (θTiui, ui+1) ≤ ε for i = 0, 1, . . . , n− 1. Let a : R × U → R be a continuous
additive cocycle over θ. Then the Morse spectrum of a is defined as follows. To
every (ε, T )-chain ζ we associate the finite-time Morse exponent
λ(ζ) :=
1
T (ζ)
n−1∑
i=0
a(Ti, ui), T (ζ) =
n−1∑
i=0
Ti.
Then the Morse spectrum of a is given by
ΛMo(a) :=
⋂
T,ε>0
cl {λ(ζ) : ζ is an (ε, T )-chain} .
By San Martin and Seco [17, Thm. 3.2(2)], the Morse spectrum is the same
if one only considers chains with integer times Ti ∈ N. But then we may
assume that Ti = 1 for all i by adding trivial jumps. Moreover, by [11, Lem. 8],
periodic chains are sufficient to obtain the Morse spectrum. Hence, we only
need to consider chains of the form u0, u1, . . . , un with dU (θ1ui, ui+1) ≤ ε for
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i = 0, 1, . . . , n − 1 and u0 = un. We call such chains regular periodic ε-chains.
On the other hand, the Lyapunov spectrum ΛLy(a) of a is defined as follows.
An a-Lyapunov exponent is a limit of the form
λ(u) := lim
t→∞
1
t
a(t, u), u ∈ U .
The Lyapunov spectrum ΛLy(a) is the set of all such limits. By [17, Thm. 3.2(6)],
ΛMo(a) is a compact interval, containing ΛLy(a), whose endpoints are Lyapunov
exponents. In particular,
minΛMo(a) = minΛLy(a).
5.3 Proposition: It holds that
minΛLy(a) = inf
u periodic
lim
t→∞
1
t
at(u).
Proof: The map a(1, ·) is uniformly continuous on the compact space U . Hence,
for given α > 0 there is ε > 0 such that dU (u, v) ≤ ε implies |a(1, u)− a(1, v)| ≤
α/2. Let λ := minΛMo(a) and choose δ = δ(ε) according to the periodic
shadowing property in Corollary 5.2. There exists a regular periodic δ-chain
ζ = (u0, . . . , un) with |λ− λ(ζ)| ≤ α/2. The chain ζ is ε-shadowed by the orbit
of an n-periodic u∗. Then
|λ− λ(u∗)| ≤ |λ− λ(ζ)| + |λ(ζ) − λ(u∗)| ≤ α
2
+ |λ(ζ) − λ(u∗)|,
and we have (using the cocycle property of a)
|λ(ζ) − λ(u∗)| =
∣∣∣∣∣ 1n
n−1∑
i=0
a(1, ui)− lim
t→∞
1
t
a(t, u∗)
∣∣∣∣∣
=
∣∣∣∣∣ 1n
n−1∑
i=0
a(1, ui)− 1
n
a(n, u∗)
∣∣∣∣∣
=
1
n
∣∣∣∣∣
n−1∑
i=0
(a(1, ui)− a(1, θiu∗))
∣∣∣∣∣
≤ 1
n
n−1∑
i=0
|a(1, ui)− a(1, θiu∗)| ≤ α
2
.
Putting everything together, we end up with |λ − λ(u∗)| ≤ α, showing that λ
can be approximated by Lyapunov exponents of periodic points. 
5.2 The Main Result
In the following, we consider a control-affine system
Σ : x˙(t) = f0(x(t)) +
m∑
i=1
ui(t)fi(x(t)), u ∈ U .
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We assume that Q is a hyperbolic chain control set of Σ with nonempty interior.
Moreover, we make the following assumptions:
(a) The vector fields f0, f1, . . . , fm are smooth and the Lie algebra rank con-
dition (for local accessibility) is satisfied on intQ.
(b) For each u ∈ U there exists a unique x(u) ∈ Q with (u, x(u)) ∈ Q.
Recall that condition (b) implies that the map u 7→ (u, x(u)) is a topological
conjugacy between the shift on U and the control flow on Q, and that (a) and
(b) together imply that Q is the closure of a control set D (see Prop. 4.7). For
the proof of our main result, we need a series of approximation lemmas.
5.4 Lemma: The set C∞(R, intU) is dense in U w.r.t. the weak∗-topology.
Proof: By Sontag [18, Rem. C.1.2] we can approximate a given u0 ∈ U point-
wise almost everywhere by C∞-functions with values in intU on every compact
subinterval of R. Let Ik := [−k − δ, k + δ], k ∈ N, for a fixed δ > 0. Then
there exists for each k ∈ N a sequence (f (k)n )n≥1 in C∞(Ik, intU) converging
almost everywhere to u0|Ik . Using smooth cut-off functions, we may assume
that the f
(k)
n are defined on R so that pointwise convergence to u0 (for each k)
holds on [−k, k]. Choosing cut-off functions with values in [0, 1], we still have
f
(k)
n (t) ∈ intU for all t ∈ R, since U is convex and 0 ∈ intU . Now take a
neighborhood of u0 of the form
W =
{
u ∈ U :
∣∣∣∣∫
R
〈u(t)− u0(t), xi(t)〉dt
∣∣∣∣ < 1, i = 1, . . . , l} ,
where x1, . . . , xl ∈ L1(R,Rm). Then there exists k ∈ N such that∫
R\[−k,k]
|xi(t)|dt < 1
2 diamU
, i = 1, . . . , l.
Consider for each i ∈ {1, . . . , l} the sequence (vin)n∈N defined by
vin(t) := 〈f (k)n (t), xi(t)〉, vin ∈ L1(R,R).
On [−k, k] this sequence converges almost everywhere to 〈u0, xi〉. Moreover,
|vin(t)| ≤ |f (k)n (t)| · |xi(t)| ≤ ‖f (k)n ‖∞|xi(t)|.
Hence, the theorem of dominated convergence yields∣∣∣∣∣
∫
[−k,k]
〈u0(t)− f (k)n (t), xi(t)〉dt
∣∣∣∣∣ ≤
∫
[−k,k]
∣∣〈u0(t), xi(t)〉 − vin(t)∣∣ dt→ 0.
Consequently, we may choose n large enough so that∣∣∣∣∣
∫
[−k,k]
〈u0(t)− f (k)n (t), xi(t)〉dt
∣∣∣∣∣ < 12 , i = 1, . . . , l,
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and we can conclude that∣∣∣∣∫
R
〈u0(t)− f (k)n (t), xi(t)〉dt
∣∣∣∣ ≤
∣∣∣∣∣
∫
[−k,k]
〈u0(t)− f (k)n (t), xi(t)〉dt
∣∣∣∣∣
+
∣∣∣∣∣
∫
R\[−k,k]
〈u0(t)− f (k)n (t), xi(t)〉dt
∣∣∣∣∣ < 12 + 12 = 1.
Hence, f
(k)
n ∈ W . Since the family of all such neighborhoods forms a subbasis
of the weak∗-topology on U , the proof is complete. 
5.5 Lemma: Let u ∈ L1(R,Rm) and let σn : R → R be a sequence of diffeo-
morphisms satisfying the following assumptions:
(i) The sequences σn and σ
−1
n converge locally uniformly to the identity.
(ii) The sequence of derivatives (d/dt)σ−1n converges locally uniformly to the
constant function with value 1.
Then for every τ > 0 we have
lim
n→∞
∫ τ
0
|u(σn(t))− u(t)|dt = 0.
If, additionally, u is essentially bounded and z ∈ L1(R,Rm), then
lim
n→∞
∫ τ
0
|u(σn(t))− u(t)| |z(t)|dt = 0.
Proof: For a continuous u, the first statement is trivial. If u is an arbitrary
element of L1(R,Rm), then there exists a sequence uk of continuous functions
with
∫
R
|uk(t)− u(t)|dt→ 0. It follows that∫ τ
0
|u(σn(t)) − u(t)|dt ≤
∫ τ
0
|u(σn(t)) − uk(σn(t))|dt
+
∫ τ
0
|uk(σn(t)) − uk(t)|dt+
∫ τ
0
|uk(t)− u(t)|dt.
Let ε > 0. Choose k large enough that
∫
R
|u(s)− uk(s)|ds < ε/[3(1 + ε)]. The
first integral can be re-written as∫ σ−1n (τ)
σ−1n (0)
|u(s)− uk(s)| d
ds
[
σ−1n (s)
]
ds.
Now choose n0 large enough that (d/ds)σ
−1
n (s) ≤ 1+ε for all n ≥ n0 and s in an
interval of the form [−ρ, τ + ρ], ρ > 0. Then let n1 ≥ n0 with σ−1n (0), σ−1n (τ) ∈
[−ρ, τ + ρ] for n ≥ n1. This implies∫ τ
0
|u(σn(t)) − uk(σn(t))|dt ≤ (1 + ε)
∫ τ+ρ
−ρ
|u(s)− uk(s)|ds < ε
3
.
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Finally, choose n2 ≥ n1 large enough that
∫ τ
0
|uk(σn(t)) − uk(t)|dt < ε/3 for
n ≥ n2. This implies∫ τ
0
|u(σn(t))− u(t)|dt < ε
3
+
ε
3
+
ε
3
= ε,
completing the proof of the first statement. The second statement easily follows
from the first one, if z is continuous. For an arbitrary z ∈ L1(R,Rm), let zk be
continuous with
∫
R
|zk(t)− z(t)|dt→ 0. Then∫ τ
0
|u(σn(t))− u(t)| |z(t)|dt ≤ 2‖u‖∞
∫ τ
0
|z(t)− zk(t)|dt
+
∫ τ
0
|u(σn(t))− u(t)| |zk(t)|dt.
Choose k large enough that the first integral is < ε/[4‖u‖∞] and then choose n
large enough for the second one to become smaller than ε/2. 
The main approximation lemma needed to prove the desired formula for the
entropy of Q reads as follows.
5.6 Lemma: Let (u, x) ∈ Q be a τ -periodic point of the control flow for some
τ > 0. Then there exist sequences τn → τ and un ∈ U such that each un is
τn-periodic, (un, x(un)) ∈ intU × intQ and (un, x(un))→ (u, x).
Proof: The proof is subdivided into five steps.
Step 1. For some γ > 1 consider the time-transformed system
Σγ : x˙(t) = v(t)
[
f0(x(t)) +
m∑
i=1
ui(t)fi(x(t))
]
, (v, u) ∈ Vγ × U ,
with Vγ := {v ∈ L∞(R,R) : v(t) ∈ [1/γ, γ] a.e.}. From the proof of Corollary
3.15 we know that the trajectories of Σγ are time reparametrizations of those
of Σ, more precisely
ϕ(σv(t), x, u) ≡ ϕγ(t, x, (v, u ◦ σv)) with σv(t) =
∫ t
0
v(s)ds.
It follows that D is also a control set of Σγ . Moreover, we know that Σγ satisfies
the strong accessibility rank condition on intQ, since Σ satisfies the classical
accessibility rank condition on this set.
Step 2. By Corollary 3.8, the set of universally regular control functions for
Σγ is dense in C∞(R, (1/γ, γ) × intU) with respect to the C∞-topology. Let
1 denote the constant function with value 1. Then we find universally regular
(vn, u¯n) ∈ C∞(R, (1/γ, γ)× intU) with vn → 1 in the C∞-topology and u¯n → u
in the weak∗-topology, since Lemma 5.4 guarantees that u can be weakly∗-
approximated by functions in C∞(R, intU). Now we define the desired sequences
as follows. Put
τn := σvn(τ), un(t) := u¯n ◦ σ−1vn (t) for all t ∈ [0, τn],
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and extend un τn-periodically. Since τn =
∫ τ
0
vn(s)ds and vn → 1 in C∞, it
follows immediately that τn → τ . Since un(R) = un([0, τn]) = u¯n([0, τ ]) =: K
and u¯n is continuous with values in intU , Lemma 3.2 implies un ∈ intU .
Step 3. We show x(un) ∈ intQ. Note that ϕ(τn, x(un), un) = x(θτnun) = x(un),
implying
x(un) = ϕ(σvn(τ), x(un), un) = ϕ
γ(τ, x(un), (vn, u¯n)).
Since (vn, u¯n) is universally regular for Σ
γ , the linearization of Σγ along the con-
trolled trajectory (ϕγ(·, x(un), (vn, u¯n)), (vn(·), u¯n(·))) is controllable, implying
local controllability along this trajectory. Hence, x(un) cannot be an element
of the boundary ∂Q = ∂D, because this would lead to trajectories of Σγ that
leave D and then return to D, in contradiction to the no-return property.
Step 4. We prove that for each j ∈ Z the sequence
βn(t) := σ
−1
vn (t+ j(τ − τn)), βn : R→ R,
is a sequence of diffeomorphisms such that both βn and β
−1
n converge locally
uniformly to the identity, and the sequence of derivatives (d/dt)β−1n converges
locally uniformly to 1. First note that β−1n (t) = σvn(t)−j(τ−τn). By definition
of σvn is is clear that σvn is smooth and invertible. Since the derivative is
vn(t) ∈ [1/γ, γ], also the inverse σ−1vn is smooth. Then then same is true for β−1n .
We have
|β−1n (t)− t| ≤ |σvn(t)− t|+ j|τ − τn| ≤ sign(t)
∫ t
0
|vn(s)− 1|ds+ j|τ − τn|.
Since τn → τ and vn → 1 in C∞, it follows that β−1n converges locally uniformly
to the identity. Since (d/dt)β−1n (t) = vn(t), it follows that local uniform con-
vergence also holds for the derivative. The convergence βn → id holds, since
|βn(t) − t| = |s − β−1n (s)| for s = β−1n (t) and for every compact interval [a, b],
the set β−1n ([a, b]) is contained in the compact interval γ[a, b]− j(τ − τn).
Step 5. It remains to prove un → u (which by continuity implies x(un) →
x(u) = x). For a given y ∈ L1(R,Rm) we have to show∫
R
〈un(t)− u(t), y(t)〉dt→ 0.
To this end, we first choose k ∈ N large enough that ∫
R\[−kτ,kτ ] |y(t)|dt becomes
small. Since τn → τ , for sufficiently large n the intervals Inj := [jτn, (j + 1)τn],
j = −(k + 1), . . . , k, cover [−kτ, kτ ]. Let In :=
⋃k
j=−(k+1) I
n
j . Then∣∣∣∣∫
In
〈un(t)− u(t), y(t)〉dt
∣∣∣∣ ≤ k∑
j=−(k+1)
∣∣∣∣∣
∫
Inj
〈un(t)− u(t), y(t)〉dt
∣∣∣∣∣
≤ (2k + 2)max
j
∣∣∣∣∣
∫
Inj
〈u¯n(σ−1vn (t− jτn))− u(t), y(t)〉dt
∣∣∣∣∣ .
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In the integral we substitute t = s + jτ . Writing zj(s) := y(s + jτ), βn(s) :=
σ−1vn (s+ j(τ − τn)), and using τ -periodicity of u, this gives∫ j(τn−τ)+τn
j(τn−τ)
〈u¯n(βn(s))− u(s), zj(s)〉ds.
In the bounds between 0 and j(τn − τ) and between τ and j(τn − τ) + τn,
the corresponding integral becomes as small as we want for large n. Hence, it
remains to estimate∣∣∣∣∫ τ
0
〈u¯n(βn(s))− u(s), zj(s)〉ds
∣∣∣∣ ≤ ∣∣∣∣∫ τ
0
〈u¯n(βn(s))− u(βn(s)), zj(s)〉ds
∣∣∣∣︸ ︷︷ ︸
=:S1
+
∣∣∣∣∫ τ
0
〈u(βn(s))− u(s), zj(s)〉ds
∣∣∣∣︸ ︷︷ ︸
=:S2
.
The integral S1 can be estimated as follows.
S1 ≤
∣∣∣∣∫ τ
0
〈u¯n(βn(s))− u(βn(s)), zj(s)− zj(βn(s))〉ds
∣∣∣∣
+
∣∣∣∣∫ τ
0
〈u¯n(βn(s))− u(βn(s)), zj(βn(s))〉ds
∣∣∣∣
≤ diamU
∫ τ
0
|zj(s)− zj(βn(s))|ds
+
∣∣∣∣∣
∫ β−1n (τ)
β−1n (0)
〈u¯n(t)− u(t), zj(t)〉vn(t)dt
∣∣∣∣∣ .
From Step 4 and Lemma 5.5 it follows that the first integral becomes small. For
the second one it follows from weak∗-convergence u¯n → u and boundedness of
vn. To see that S2 becomes small, use Cauchy-Schwarz and Lemma 5.5. 
Finally, we can prove the the main theorem of this section.
5.7 Theorem: Under the assumptions (a) and (b), for every compact set K ⊂
D of positive volume the invariance entropy satisfies
hinv(K,Q) = inf
(u,x)∈Q
lim sup
τ→∞
1
τ
log
∣∣∣det(dϕτ,u)|E+u,x∣∣∣ .
Proof: The lower estimate follows from Theorem 4.8. Concerning the upper
estimate, Proposition 3.12 yields
hinv(K,Q) ≤ inf
(u,x)
lim
t→∞
1
t
log
∣∣∣det(dϕt,u)|E+u,x ∣∣∣ , (39)
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where the infimum is taken over all periodic (u, x) ∈ intU × intQ. Now take
an arbitrary periodic (u, x) ∈ Q and let τ > 0 be its period. By Lemma 5.6,
there exist sequences un ∈ intU and τn → τ such that each un is τn-periodic,
x(un) ∈ intQ and (un, x(un))→ (u, x). Then we have
1
τn
log
∣∣∣det(dϕτn,un)|E+
un,x(un)
∣∣∣→ 1
τ
log
∣∣∣det(dϕτ,u)|E+
u,x(u)
∣∣∣ ,
because both (t, u, x) 7→ (dϕt,u)x and (u, x) 7→ E+u,x are continuous. This implies
that the estimate (39) also holds, when the infimum is taken over all periodic
(u, x) ∈ Q. Note that αt(u, x) := log | det(dϕt,u)|E+u,x | is a continuous additive
cocycle over the control flow on Q. Using the topological conjugacy between the
control flow onQ and the shift flow on U , Proposition 5.3 implies that hinv(K,Q)
is bounded by the infimum of the full Lyapunov spectrum of α, concluding the
proof of the upper estimate. To see that the upper limits lim sup(1/t)αt(u, x)
are not smaller than the infimum of the Lyapunov spectrum, see [11, Cor. 2].

5.8 Remark: Finally, we note that the assumption that for each u there exists
a unique x(u) with (u, x(u)) ∈ Q is satisfied in the following two cases: (i) small
control sets that arise around hyperbolic equilibria, and (ii) hyperbolic chain
control sets of right-invariant systems on flag manifolds (see [7]). These and
more examples will be discussed in another paper.
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